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Abstrat
In this paper we give an expliit onstrution of the stak of miroloal perverse
sheaves on the projetive otangent bundle of a omplex manifold. Miroloal perverse
sheaves will be represented as omplexes of analyti ind-sheaves whih have reently
been studied by Kashiwara-Shapira [KS2℄. This desription allows us to formulate
the miroloal Riemann-Hilbert orrespondane in order to establish an equivalene
of staks with the stak of regular holonomi mirodierential modules.
Contents
1 Introdution 3
2 Abelian substaks of a prestak 5
2.1 A riterion for substaks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
2.2 Limits and olimits in staks . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
2.3 A riterion for abelian staks . . . . . . . . . . . . . . . . . . . . . . . . . . 11
3 Miroloalization of sheaves 12
3.1 Notations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
3.2 Miroloalization of sheaves . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
3.3 Rened miroloal ut-o . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
3.4 Morphisms in Db(kX , {x} × δ˙) . . . . . . . . . . . . . . . . . . . . . . . . . . 18
4 Miroloalization of onstrutible sheaves 20
4.1 Miroloalization of R-onstrutible sheaves . . . . . . . . . . . . . . . . . . 20
4.2 The ategory DbR-(kX , {x} × δ˙) . . . . . . . . . . . . . . . . . . . . . . . . . 22
4.3 Miroloally C-onstrutible sheaves . . . . . . . . . . . . . . . . . . . . . . 22
4.4 The ategory DbC-(kX , {x} × δ˙) . . . . . . . . . . . . . . . . . . . . . . . . . 24
5 Invariane by quantized ontat transformations 24
5.1 Quantization of R-onstrutible sheaves . . . . . . . . . . . . . . . . . . . . 25
5.2 Quantization of C-onstrutible sheaves . . . . . . . . . . . . . . . . . . . . 28
6 Miroloally omplex onstrutible sheaves on C×p 29
6.1 Miroloal omplex onstrutible sheaves in generi position . . . . . . . . . 29
6.2 The generi position theorem . . . . . . . . . . . . . . . . . . . . . . . . . . 32
7 Miroloal perverse sheaves in DbR-(kX , S) 33
7.1 Andronikof's prestak of miroloally perverse sheaves . . . . . . . . . . . . 33
7.2 The abelian ategory Dbperv(kX ,C
×p) . . . . . . . . . . . . . . . . . . . . . . 35
1
8 Miroloal perverse sheaves on P ∗X 38
8.1 The stak of miroloal perverse sheaves . . . . . . . . . . . . . . . . . . . . 38
8.2 Autoduality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
8.3 Integral transforms for miroloal perverse sheaves . . . . . . . . . . . . . . 42
9 Miroloal Riemann-Hilbert orrespondene 48
9.1 The ind-objets µOX and µO
t
X . . . . . . . . . . . . . . . . . . . . . . . . . 49
9.2 EX -modules . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
9.3 The mirodierential struture of µOX and µO
t
X . . . . . . . . . . . . . . . 53
9.4 Quantized ontat transformations for µOX and µO
t
X . . . . . . . . . . . . . 56
9.5 Classial Riemann-Hilbert Theorem and Ind-sheaves . . . . . . . . . . . . . 59
9.6 Miroloal Riemann-Hilbert morphism . . . . . . . . . . . . . . . . . . . . . 60
A Staks on Topologial Spaes 62
A.1 Prestaks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
A.2 Operations on prestaks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64
A.3 Stalks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64
A.4 Staks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65
A.5 The stak assoiated to a prestak . . . . . . . . . . . . . . . . . . . . . . . 66
A.6 Pathing of staks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
B The funtor of ind-mioloalization 68
B.1 Ind-sheaves . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
B.2 Miroloalization of ind-sheaves . . . . . . . . . . . . . . . . . . . . . . . . . 70
2
1 Introdution
In [K4℄ Kashiwara onstruted the stak of mirodierential modules on a omplex ontat
manifold, generalizing the stak of modules over the ring of mirodierential operators EX
on the projetive otangent bundle P ∗X of a omplex variety X. In his disussion Kashi-
wara asked for the onstrution of a stak of miroloal (omplex) perverse sheaves that
should be equivalent to the stak of regular holonomi modules by a miroloal Riemann-
Hilbert orrespondane. Suh a stak should be dened over any eld k, but the Riemann-
Hilbert morphism only makes sense over C.
There have been several attempts to onstrut a loal version of suh a stak. In [An1℄
Andronikof dened a prestak on P ∗X and announed the miroloal Riemann-Hilbert
orrespondane on the stalks. However, at this time there did not exist tools to dene
a global miroloal Riemann-Hilbert morphism. Another topologial onstrution was
proposed in [GMV℄, but to our knowledge this projet has neither been ompleted nor
published.
Our approah makes use of the theory of analyti ind-sheaves, reently introdued in
[KS2℄ by Kashiwara and Shapira. Hene, miroloal perverse sheaves on a C×-oni open
subset U ⊂ T ∗X will be ind-sheaves (or more preisely objets of the derived ategory of
ind-sheaves) on U ontrary to the onstrution of [An1℄ in whih miroloal perverse sheaves
on U ⊂ T ∗X were represented by omplexes of sheaves on the base spae X. The theory
of ind-sheaves provides us with a nie represantitive of the stak assoiated to the prestak
of [An1℄ and allows us to use the mahinery developped in [KS2℄. The essential tool in
this desription is Kashiwara's funtor of ind-miroloalization µ : Db(kX)→ D
b(I(kT ∗X))
of [K5℄. This funtor enables us to dene expliitly a global Riemann-Hilbert morphism
when k = C.
In the future, we will hopefully show that we an atually path (a twisted version of)
this stak on a omplex ontat manifold and prove the Riemann-Hilbert theorem in the
omplex ase.
In more detail, the ontents of this paper are as follows.
Setion 2 gives a riterion for a subprestak of the prestak of derived ategories of
ind-sheaves on a manifold to be a stak. It is a generalization of a proof of [KS1℄ showing
that the prestak of perverse sheaves is a substak of the derived ategory of sheaves with
C-onstrutible ohomology. Then we investigate abelian staks on a topologial spaes.
Roughly speaking, an additive stak on a topologial spae is abelian if and only if its stalks
are abelian ategories and we have a lifting property for kernels and okernels. This will
be applied in Setion 7 to onstrut the abelian stak of miroloal perverse sheaves as
a substak of the prestak of derived ind-sheaves on the ontangent bundle of a omplex
manifold.
Setion 3 rst realls the theory of miroloalization of [KS1℄ on a real manifold X.
We do not review in detail the theory of the miro-support of sheaves but onentrate on
the denition of the miroloal ategory Db(kX , S) where S ⊂ T
∗X is an arbitrary subset.
It is dened as the loalization of the ategory Db(kX) by the objets F ∈ D
b(kX) whose
miro-support does not interset S. For any F,G ∈ Db(kX) we get a natural morphism
HomDb(kX ,S)(F,G) −→ H
0(S, µhom(F,G)).
In the ase where S = {pt} the ategory Db(kX , S) has been intensively studied in [KS1℄,
and in partiular it is proved that the morphism above is an isomorphism.
We will show that this result is still valid in the ategory Db(kX , {x} × δ˙) where x is a
point of X, δ ⊂ T ∗xX a losed one and δ˙ = δ \ {0}. Later we will be mainly interested in
the ase where δ is a omplex line. The main tool is the rened miroloal ut-o lemma
3
for non-onvex sets, whih we reall adding a few omments. We will also need the ut-o
funtor in Setion 6.
Setion 4 extends the denitions and results of Setion 3 rst to R-onstrutible then
to C-onstrutible sheaves. There are two natural ways to dene the miroloalization of
the derived ategory of R-onstrutible sheaves. We either loalize the ategory DbR-(kX)
by sheaves whose miro-support does not interset S or we take the full subategory of
Db(kX , S) whose objets are represented by R-onstrutible sheaves. Following [An2℄ we
will use the rst denition. One important question is whether or not the two denitions
oinide. The main result of this setion is that this is the ase when S = {x} × δ˙.
Now suppose that X is a omplex manifold. Reall that C-onstrutible sheaves may
be dened by a miroloal property: an objet F ∈ DbR-(kX ) is C-onstrutible if and
only if its miro-support is C×-oni. It is then natural to dene a miroloally omplex
onstrutible sheaf as a miroloal R-onstrutible sheaf whose miro-support is C×-oni
on S.
In Setion 5 we show that the onstrutions of Setion 4 are loally invariant under
quantized ontat transformations.
Setion 6 is devoted to the study of miroloally C-onstrutible sheaves in the at-
egory Db(kX ,C
×p). In Setion 5 we have shown that the ategory DbC-(kX ,C
×p) is in-
variant by quantized ontat transformation. Hene we are redued to study miroloally
C-onstrutible sheaves in generi position, i.e. omplexes of sheaves whose miro-support
is ontained in T ∗ZX for a omplex (not neessarily smooth) hypersurfae Z in a neighbor-
hood of p. We give a omplete proof that miroloally C-onstrutible sheaves in generi
position may be represented by C-onstrutible sheaves (as anouned in [An2℄).
Following [An1℄, we dene in Setion 7 the ategory of miroloal perverse sheaves as
a full subategory of DbC-(kX ,C
×p). An objet F ∈ DbC-(kX ,C
×p) is perverse if for any
non-singular point q ∈ SS(F) in a neighborhood of C×p the omplex F is isomorphi in
Db(kX ,C
×q) to a onstant sheaf MY [dY ] supported on a losed submanifold Y ⊂ X. This
denition is natural in view of the miroloal haraterization of perverse sheaves of [KS1℄
and also leads to denition of a prestak of miroloal perverse sheaves on P ∗X. Then
we prove that the ategory Dbperv(kX ,C
×p) is abelian as has been announed in [An1℄.
Our proof gives a rened result whih allows us to onlude that the stak assoiated to
this prestak is abelian. This stak is the stak of miroloal perverse sheaves on P ∗X.
However we will need a more expliit representation in order to dene the miroloal
Riemann-Hilbert orrespondane.
In Setion 8 we nally dene miroloal perverse sheaves as objets of the derived at-
egory of ind-sheaves on oni open subsets of T ∗X. In Setion 7 we have onstruted the
ategory of miroloal perverse sheaves at any p ∈ P ∗X (or on C×p ⊂ T˙ ∗X) whih will be
equivalent to the stalk of the stak µPerv of miroloal perverse sheaves. The idea of the
onstrution of µPerv is to use the fat Kashiwara's funtor µ of ind-miroloalization in-
dues a fully faithful funtor from Dbperv(kX ,C
×p) into the stalk of the prestak of bounded
derived ategories of ind-sheaves on C×-oni subsets of T ∗X. Then we an dene a mi-
roloal perverse sheaf on a oni open subset U ⊂ T ∗X as an objet of Db(I(kU )) that is
isomorphi to a miroloal perverse sheaf of Dbperv(kX ,C
×p) at any point of p ∈ U . Finally,
we show that the stak of miroloal perverse sheaves is anonially equivalent to the stak
assoiated to the prestak of the last setion.
In Setion 9 we establish the miroloal Riemann-Hilbert orrespondane:
µPerv(Ω)
µRH // HolReg(EX |γ−1Ω).
µSol
oo
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It is dened by the formulas
µSol(M) = RIHomβ(EX |γ−1Ω)(β(M), µOX |γ−1Ω)
µRH(F) = γ−1Ω RγΩ∗(RHom(F, µO
t|γ−1(Ω)))
where γΩ is the restrition of the natural map γ : T˙
∗X → P ∗X to γ−1Ω, RIHom, β are well-
known funtors from the theory of ind-sheaves (f. [KS2℄) and the ring Ot ∈ Db(I(kX))
is the omplex of tempered holomorphi funtions on X of lo. it.
Appendix A gives a short introdution to staks with emphasis on the speial prop-
erties resulting from the fat that we work on a topologial spae.
In Appendix B we give a short summary of the properties of Kashiwara's funtor µ.
First of all, I thank my thesis diretor P. Shapira both for having suggested this subjet
to me, and for always having been ready with preious help, guidane and enouragement
throughout the last three years. Seondly, my gratitude goes out to M. Kashiwara with
whom I had many invaluable onversations. I would partiularly like to thank him for
having shared with me his unpublished work on the miroloalization of ind-sheaves whih
provided me with ertain key ideas on whih this paper is based. It goes without saying,
of ourse, that I ould never have been able to omplete this work without either of them.
Finally, I would like to thank A. D'Agnolo, P. Polesello, F. Ivorra and D.-C. Cisinski for
many useful disussions.
2 Abelian substaks of a prestak
Perverse sheaves on a omplex manifold X are loal objets - they form an abelian stak
whih is a subprestak of the prestak of (derived) sheaves on X (see [BBD℄ for the general
theory of perverse sheaves, see also [KS1℄, Chapter X, for a miroloal approah to perverse
sheaves). In Setion 2.1 we will generalize the method used in [KS1℄ in order to prove that
this subprestak is atually a stak. In partiular we will show that a similar method
an be applied to nd substaks of the prestak of (derived) ind-sheaves. The abelian
struture of the stak of perverse sheaves is dened by a t-struture on the triangulated
prestak of derived ategories of sheaves with C-onstrutible ohomology. However, the
ategory of miroloal perverse sheaves will not be dened as the heart of a t-struture.
Our strategy is based on the idea that a stak is almost abelian, if its stalks are abelian
ategories. Roughly speaking, an additive stak is abelian if and only if its stalks are abelian
and kernels and okernels an be lifted to small neighborhoods. We will investigate this
statement more preisely in Setions 2.2 and 2.3.
2.1 A riterion for substaks
The basi denitions from the theory of staks (on a topologial spae) are realled in
Appendix B. The results on proper staks and ind-sheaves that we will use an be found
in [KS2℄.
Denition 2.1.1. Consider a prestak C on a topologial spae X. We say that a full
subprestak C′ ⊂ C is dened by a loal property (with respet to C) if the following
onditions are satised:
(i) the prestak C′ is stable by isomorphisms, i.e. if U ⊂ X is open, A ∈ ObC′(U) then
any objet B ∈ ObC(U) isomorphi to A is also an objet of ObC′(U),
(ii) if U ⊂ X is open and A ∈ ObC(U) then A ∈ ObC′(U) if and only if there is an open
overing U =
⋃
i∈I Ui suh that A|Ui ∈ ObC
′(Ui) for all i ∈ I.
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Remark 2.1.2. Consider a full subprestak C′ ⊂ C and a point p ∈ X. Then the natural
funtor C′p → Cp is fully faithful. Therefore the (full) subprestak C
′
is dened by a loal
property if and only if for any objet A ∈ ObC(U) the statements (a) and (b) below are
equivalent:
(a) A ∈ ObC′(U).
(b) For every p ∈ X the objet A is in the essential image of the funtor C′p → Cp, i.e.
there exists an objet B ∈ ObC′p suh that A is isomorphi to B in Cp.
Lemma 2.1.3. Let C be a triangulated prestak. Assume moreover that
(1) for any V ⊂ U the restrition funtor i−1V U has a fully faithful left adjoint iV U !
1
,
(2) these funtors satisfy the base hange theorem, i.e. for any Cartesian square of open
subsets
U12 //

U1

U2 //

V
we have iU12U2!i
−1
U12U1
≃ i−1U2V iU1V !, where U12 = U1 ∩ U2.
Consider the union of two open sets U = U1 ∪ U2 and suppose that we are given
(i) objets A1 ∈ ObC(U1) and A2 ∈ ObC(U2),
(ii) an isomorphism f21 : A1|U12
∼
−→ A2|U12 in C(U12).
Then there exist an objet A ∈ ObC(U) and isomorphisms f1 : A|U1
∼
→ A1, f2 : A|U2
∼
→ A2
that are ompatible with f21 on U12, i.e. the following diagram ommutes:
A1|U12
f21
∼
// A2|U12
A|
U12
f2|U12
∼
;;wwwwwwwwwf1|U12
∼
ccGGGGGGGGG
Proof. Let us simplify the notations for the restrition funtors by suppressing U . Hene
we have the funtors
i−11 : C(U)→C(U1) i
−1
2 : C(U)→ C(U2) i
−1
12 : C(U)→ C(U12)
i−112,1 : C(U1)→ C(U12) i
−1
12,2 : C(U2)→ C(U12)
We use a similar notation with lower-ase symbol ! for the left adjoints of these funtors.
Now dene A by hosing a distinguished triangle
i12!(A1|U12 )
(g1g2) // i1!A1 ⊕ i2!A2
(h1,h2) // A
+ //
where the rst morphism dening the triangle is given by
g1 : i12!(A1|U12 )
∼ // i1!i12,1!(A1|U12 )
// i1!(A1),
g2 : i12!(A1|U12 )
−f21
∼
// i12!(A2|U12 )
∼ // i2!i12,2!(A2|U12 )
// i2!(A2).
1
Reall that iV U ! is fully faithful if and only if the adjuntion morphism Id→ iV U !i
−1
V U is an isomorphism.
Also note that for any three open subsets W ⊂ V ⊂ U the isomorphism i−1WV i
−1
V U ≃ i
−1
WU indues an
isomorphism iWV !iV U ! ≃ iWU !.
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Dene f1 and f2 by
f1 : A1 ≃ i
−1
1 i1!A1
h1|U1 // A|
U1
,
f2 : A2 ≃ i
−1
2 i2!A2
h2|U2 // A|
U2
.
Let us hek that f1 is an isomorphism. It is suent to show that g2|U1 is an isomorphism.
Sine by the base hange theorem we have
i−11 i2!(A2) ≃ i12,1!(A2|U12 ) ≃ i
−1
1 i12!(A2|U12 ),
we get the result. A similar argument shows that f2 is an isomorphism. To prove that
these isomorphisms are ompatible with f21 one uses the fat that h1g1 + h2g2 = 0.
Remark 2.1.4. In the situation of the preeding Lemma 2.1.3, suppose that we are given
a full (but not neessarily triangulated) subprestak C′ ⊂ C that is dened by a loal prop-
erty. Then the lemma holds in C′, i.e. if the objets A1,A2 are in C
′
then the objet A
lies also in C′. Indeed, we may path the given objets A1, A2 of C
′
to an objet A in the
prestak C using Lemma 2.1.3. Then the axioms (f. Denition 2.1.1) immediately imply
that A is an objet of C′.
Note that if moreover C′ is separated, then the objet A is unique up to unique isomor-
phism
2
.
Let us apply Lemma 2.1.3 to the prestak of bounded derived ategories of ind-sheaves.
Denote by Db(I(k∗)) the prestak U 7→ D
b(I(kU )) on a loally ompat spae X with a
ountable base of open sets. This prestak has the following properties:
(i) it is a triangulated prestak,
(ii) if V ⊂ U ⊂ X are open subsets and if we denote as usual by i−1V U : D
b(I(k
U
)) →
Db(I(k
V
)) the restrition funtor, then this funtor has a fully faithful left adjoint
RiV U !!,
(iii) the base hange theorem is satised (f. Lemma 2.1.3).
The proof is based on the fat that I(k∗) is a proper stak (f. [KS2℄). Hene we get
Corollary 2.1.5. Consider the prestak Db(I(k∗)) on a loally ompat topologial spae
X and two open subsets U1, U2 ⊂ X. Set U = U1 ∪ U2.
Suppose that we are given the following data
(1) two objets F1 ∈ ObD
b(I(k
U1
)), F2 ∈ ObD
b(I(k
U2
)),
(2) an isomorphism f21 : F1|U12
∼
−→ F2|U12 .
Then there exist an objet F ∈ ObDb(I(k
U
)) and isomorphisms f1 : F|U1
∼
→ F1, f2 :
F|
U2
∼
→ F2 ompatible with f21 on U12.
Now let us state Proposition 10.2.9. of [KS1℄ in a slightly more general ontext and
hange the proof so that we may adapt it later to the ase of ind-sheaves.
2
More preisely, if A′ is another objet with isomorphisms f ′i : A
′|
Ui
∼
→ Ai for i ∈ {1, 2} suh that
f21 ◦ f
′
1|U12 = f
′
2|U12 then there exists a unique isomorphism ϕ : A
∼
→ B suh that f ′i ◦ ϕ|Ui = fi for
i ∈ {1, 2}.
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Proposition 2.1.6. Let X be a loally ompat paraompat spae with a ountable base of
open sets. Consider a proper stak
3 A suh that for every open subset U ⊂ X the ategory
A(U) has enough injetive objets. Denote by Db(A) the assoiated prestak of bounded
derived ategories.
Let C ⊂ Db(A) be a separated full subprestak that is dened by a loal property.
Then C is a stak.
Proof. We have to show that C satises the pathing ondition (f. Denition A.4.2 in
Appendix B). Sine X is paraompat we have to verify the pathing ondition only for
ountable overings.
Sine the onditions of Lemma 2.1.3 are satised for the prestak Db(A) and C is dened
by a loal property, we know that C satises the pathing ondition for any overing of
type U = U1 ∪ U2.
Using the fat that C is separated, we an easily verify by indution that the pathing
ondition is satised for nite overings.
Therefore, using again the fat that C is separated, it is suent to prove that objets may
be pathed in C for open overings of type U =
⋃
n∈N
Un where Un ⊂ Un+1.
Consider a family of objets An ∈ ObD
b(A(Un)) and isomorphisms fn−1 : An−1
∼
→
An|Un−1 (the other isomorphisms are uniquely determined by the oyle ondition).
Denote by in : Un →֒ U the inlusion map. Then we lift the morphisms of th system to
gn−1 : in−1!An−1
in−1!(fn−1)
∼
// in−1!An|Un−1
// in!An
in Db(A(U)). Hene we get a family of morphisms {gn−1 : in−1!An−1 → in!An}n>1 in
Db(A(U)). Note that gn−1|Un−1 is an isomorphism by the base hange theorem.
By hypothesis A(U) has enough injetive objets and therefore we have an equivalene
of ategories Kb(Inj(A(U))) ≃ Db(A(U)). Here Inj(A(U)) denotes the full abelian sub-
ategory of A(U) whose objets are the injetive objets of A(U) and Kb(Inj(A(U))) is
the triangulated ategory of bounded omplexes of Inj(A(U)) where morphisms of om-
plexes are onsidered up to homotopy. Hene there exist objets In and morphisms
hn−1 : In−1 → In in C
b(Inj(A(U))) suh that the diagram {hn−1 : In−1 → In}n>1 is
isomorphi (in Db(A(U))) to the diagram {gn−1 : in−1!An−1 → in!An}n>1.
Let A = lim−→ In and onsider A as an objet in D
b(A(U)). Then A|
Un
is quasi-isomorphi
in Cb(A(U)) to In beause for m > n the morphism In → Im|Un is a quasi-isomorphism.
Hene there are natural isomorphisms A|
Un
≃ An in D
b(A(U)), and a simple diagram
hase shows that they are ompatible with the morphisms fn.
Remark 2.1.7. Note that in Proposition 2.1.6 the hypothesis that the ategories Db(A(U))
possess enough injetive objets an be weakened. During the proof, we atually only use
the fat that any diagram in Db(A(U)) of type {An → An+1}n>0 an be lifted to a diagram
{In → In+1}n>0 in C
b(A(U)). We do not use the fat that the objets In are injetive.
We need a proposition of [KS2℄ (part of Theorem 11.2.6).
Proposition 2.1.8. Let A be an abelian ategory with a system of strit generators. Denote
by IndA the ategory of ind-objets of A and let S ⊂ Ob Ind(A) be a small subset. Then
there exists an essentially small
4
full abelian subategory B ⊂ A suh that
3
For the denition of a proper stak see [KS2℄. A proper stak A and the assoiated prestak of bounded
derived ategories Db(A) satisfy the hypothesis of Lemma 2.1.3. Moreover for eah open subset U ⊂ X,
the abelian ategory A(U) admits ltered exat olimits and the restrition funtors ommute to suh
olimits.
4
A ategory is essentially small if it is equivalent to a small ategory.
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(i) B is stable by subobjet, quotient and extension in A,
(ii) IndB ⊂ IndA is stable by subobjet, quotient and extension and ontains S,
(iii) IndB has enough injetives.
Hene we get the following orollary.
Corollary 2.1.9. Let S be a small diagram in Db(Ind(A)), i.e. S ⊂ MorDb Ind(A) is a
set of morphisms. Then there exists an essentially small full abelian subategory B ⊂ A
suh that
(i) B is stable by subobjet, quotient and extension in A,
(ii) IndB ⊂ IndA is stable by subobjet, quotient and extension,
(iii) IndB has enough injetives,
(iv) S is ontained in the image of the natural funtor
Db(Ind(B)) −→ Db(Ind(A)).
Proof. Every morphism (f : A→ A′) ∈ S may be represented by a diagram
A // A′′ A′.oo
Chose suh a diagram for every f ∈ S. Consider the set of objets of IndA appearing in
some omplex in some diagram and apply Proposition 2.1.8 to this set.
Combining Proposition 2.1.6 with Remark 2.1.7 and Corollary 2.1.9 we get:
Theorem 2.1.10. Let X be a paraompat loally ompat topologial spae with a ount-
able base of open sets and onsider a separated full subprestak C ⊂ Db(I(k∗)) that is
dened by a loal property.
Then C is a stak.
2.2 Limits and olimits in staks
Reall that if C is a prestak on a topologial spae X we denote by ρ
V U
the restrition
funtor for two open subsets V ⊂ U ⊂ X and ρUp : C(U) → Cp the anonial funtor into
the stalk at p.
Denition 2.2.1. Let I be a small ategory. We say that C admits limits (resp. olimits)
indexed by I if for every open subset U ⊂ X the ategory C(U) admits limits (resp. olimits)
indexed by I suh that the restrition funtors ommute to these limits (resp. olimits).
Let I be a nite ategory. It is easy to see that if C admits limits (resp. olimits)
indexed by I , then for every p ∈ X the ategory Cp admits limits (resp. olimits) indexed
by I and the funtor ρUp ommutes to suh limits (resp. olimits).
However, the onverse is not true. We annot know simply by looking at the stalks whether
or not a prestak admits limits or olimits indexed by I (even if C is a stak).
If C is separated we an at least see from the stalks whether or not a given objet represents
a limit or olimit indexed by a nite ategory. By duality we only need to onsider the
ase of nite olimits.
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Lemma 2.2.2. Let C be a separated prestak on a topologial spae X.
Consider a nite ategory I, an open subset U ⊂ X and a funtor α : I → C(U).
Suppose given an objet L ∈ ObC(U) and morphisms σi : α(i) → L suh that for any
morphism s : i→ j of Mor I we have σj ◦ α(s) = σi.
Then the two following assertions are equivalent:
(i) (L, {σi}i∈I) is a olimit of α in C(U) and for any open subset V ⊂ U the pair
(L|
V
, {σi|V }i∈I) is a olimit of ρV Uα in C(V ).
(ii) (L, {(σi)p}i∈I) is a olimit of ρ
U
p α in Cp for all p ∈ U .
Proof. Let V ⊂ U be an open subset.
The objet L ∈ ObC(U) and the morphisms σi|V dene a natural morphism of sheaves (C
is separated) for any objet A ∈ ObC(V )
Hom
C|
V
(L|
V
, A) −→ lim←−
i∈I
Hom
C|
V
(α(i)|
V
, A) (2.2.1)
Sine I is a nite ategory we have for every p ∈ V
(lim
←−
i∈I
Hom
C|
V
(α(i)|
V
, A))p ≃ lim←−
i∈I
Hom
C|
V
(α(i)|
V
, A)p.
Hene the morphism (2.2.1) indues in the stalks
Hom
Cp
(L,A) ≃ Hom
C|
V
(L,A)p −→ lim←−
i∈I
Hom
C|
V
(α(i)|
V
, A)p (2.2.2)
Assertion (i) is learly equivalent to the fat that the morphism (2.2.1) is an isomorphism
for all V ⊂ U and any A ∈ C(V ).
Assertion (ii) is equivalent to the fat that the morphism (2.2.2) is an isomorphism for all
V ⊂ U , A ∈ C(V ) and p ∈ V .
Sine C is separated the morphism (2.2.1) is an isomorphism if and only if for every p ∈ V
the morphism (2.2.2) is an isomorphism, whih proves the lemma.
Remark 2.2.3. Consider a prestak C, η† : C→ C† the natural funtor into the assoiated
separated prestak (resp. η‡ : C → C‡ the natural funtor into the assoiated stak), I a
nite ategory and α : I → C(U) a funtor.
Suppose that there is an objet L ∈ C(U) and morphisms σi : α(i) → L suh that ondi-
tion (ii) of the Lemma 2.2.2 is veried.
Then Lemma 2.2.2 immediately implies that (η†(L)|
V
, {η†(σi)|V }) (resp. (η
‡(L)|
V
, {η‡(σi)|V }))
is a olimit of ρ†V Uη
†α (resp. ρ‡V Uη
‡α) in C†(V ) (resp. C‡(V ) for all V ⊂ U .
Now suppose that we are given a stak C, a nite ategory I and a funtor α : I →
C(U). In order to hek that there exists a olimit of α in C(U) we an apply Lemma 2.2.2.
However, in pratial situations (as in Setion 7.2) it is often diult to establish the
existene of an objet L dened on U that veres ondition (ii) of Lemma 2.2.2. Therefore
we will use a renement of Lemma 2.2.2 adapted to staks whih states that it is suent
to prove the existene of the objet L loally on U .
Proposition 2.2.4. Let C be a stak on a topologial spae X and I be a nite ategory.
Suppose that for every open subset U ⊂ X and every funtor α : I → C(U) there exists an
open overing U =
⋃
j∈J Uj, objets Lj ∈ ObC(Uj) and morphisms σ
j
i : α(i)|Ui → C(Uj)
verifying ondition (ii) of Lemma 2.2.2.
Then C admits olimits indexed by I.
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Proof. Consider an open subset U ⊂ X and a funtor α : I → C(U). By hypothesis and
Lemma 2.2.2 there exists an open overing U =
⋃
j∈J Uj suh that ρUjα is representable in
C(Uj) by an objet Lj and the restrition to any smaller open subset W ⊂ Uj ommutes
to these olimits. The onditions learly imply that we may path together the olimits
Lj ∈ ObC(Uj) to an objet L ∈ ObC(U). Now applying again Lemma 2.2.2 we see that L
is a olimit of α and that all restritions ommute to this olimit.
Corollary 2.2.5. Let C be a prestak, η : C → C‡ the natural funtor into the assoiated
stak and I be a nite ategory.
Suppose that the stalks of C admit olimits indexed by I.
Moreover we assume that for any open subset U ⊂ X and any funtor α : I → C(U) the
following statement holds:
For any point p ∈ U there exists an open neighborhood Up ⊂ U , an objet L
p ∈ C(Up) and
morphisms σpi : α(i)|V → L
p
suh that ondition (ii) of Lemma 2.2.2 is veried.
Then C‡ admits olimits indexed by I.
Proof. Let α : I → C‡(U) be a funtor. Consider the funtors ρ‡Up α for all p ∈ X. Sine I
is nite there exists an open neighborhood Up of p suh that ρ
‡U
p α fators through C(Up).
Hene we an apply Proposition 2.2.4.
In partiular we get the muh weaker statement that if a prestak C admits olimits
indexed by a nite ategory I then C‡ admits olimits indexed by I .
2.3 A riterion for abelian staks
We an apply the results of the last paragraph to additive prestaks with abelian stalks.
First reall that if C is an additive prestak then C‡ is additive.
Theorem 2.3.1. Let C be an additive prestak with abelian stalks. Suppose that for every
p ∈ X and every morphism f : A→ B in Cp there exists an open neighborhood U of p suh
that f may be represented by a morphism f˜ : A˜ → B˜ in C(U) and there are morphisms
K → A˜, B˜ → K ′ suh that K → A˜ is a kernel in Cq and B˜ → K
′
is a okernel in Cq for
any q ∈ U .
Then C‡ is an abelian stak.
Proof. Clearly the onditions of Proposition 2.2.4 and Corollary 2.2.5 are satised for
okernels and kernels. Hene C‡ admits okernels and kernels.
Let f : A→ B be a morphism of C‡(U) and onsider the natural morphism coim f → im f .
Sine the ategories of germs are abelian this morphism is an isomorphism in the stalks.
Sine C‡ is separated it is also an isomorphism in C‡(U).
Corollary 2.3.2. Let C be an additive stak on X suh that all stalks are abelian ategories.
Then C is an abelian stak if and only if for every morphism f : A→ B in Cp there is an
open neighborhood U of p suh that f may be represented by a morphism f˜ : A˜ → B˜ in
C(U) and there are morphisms K → A˜, B˜ → K ′ suh that K → A˜ is a kernel in Cq and
B˜ → K ′ is a okernel in Cq for any q ∈ U .
Remark 2.3.3. Hene in order to verify that an additive stak is abelian it is enough to
verify that its stalks are abelian ategories and that kernels and okernels are onstant in
some neighborhood.
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3 Miroloalization of sheaves
3.1 Notations
Let R+ denote the group of stritly positive real numbers and C× the group of non-zero
omplex numbers.
We will mainly work on a xed omplex manifold
5 X of omplex dimension dim
C
X = dX .
Let T ∗X be its otangent bundle and T ∗XX the zero setion. Set T˙
∗X = T ∗X \ T ∗XX and
let P ∗X = T˙ ∗X/C× be the projetive otangent bundle. We denote by
γ : T˙ ∗X −→ P ∗X
the natural map.
If Λ ⊂ T˙ ∗X is a subset, we dene the antipodal set Λa as
Λa =
{
(x; ξ) | (x;−ξ) ∈ Λ
}
,
and we set
R+Λ =
{
(x; ξ) ∈ T˙ ∗X | ∃α ∈ R+ (x;αξ) ∈ Λ
}
.
We dene similarly C×Λ. Hene C×Λ = γ−1γ(Λ). If Λ = {p} is a point, we will write C×p
instead of C×{p}.
We say that a subset Λ ⊂ T˙ ∗X is R+-oni (resp. C×-oni) if it is stable under the ation
of R+ (resp. C×), i.e. if R+Λ = Λ (resp. C×Λ = Λ).
In the sequel, we will often deal with R+-oni subsets that are only loally C×-oni.
More preisely, a subset Λ ⊂ T˙ ∗X is alled C×-oni at p ∈ T˙ ∗X if there exists an open
neighborhood U of p suh that U ∩ C×Λ = U ∩ Λ. Note that this denition still makes
sense if Λ is a germ of a subset at p. An open subset is always C×-oni at eah p ∈ U .
Let S ⊂ T˙ ∗X be another subset, and suppose that Λ is dened on a germ of a neighborhood
of S. Then we say that Λ is C×-oni on S if it is C×-oni at every point of S. Clearly
this is equivalent to the statement that there exists an open neighborhood U of S suh
that U ∩C×Λ = U ∩ Λ. In partiular, Λ is C×-oni on T˙ ∗X if and only if it is C×-oni.
Finally we all the following easy topologial lemma to the reader's attention.
Lemma 3.1.1. Let S ⊂ T˙ ∗X be a C×-oni set and U ⊃ S an R+-oni open neighborhood.
Then there exists a C×-oni open set V suh that S ⊂ V ⊂ U .
Now let us x the onventions for sheaves. All sheaves onsidered here are sheaves of
vetor spaes over a given eld k.
We will onsider the following ategories:
Db(kX) is the derived ategory of bounded omplexes of sheaves of k vetor spaes,
DbR-(kX) is the full subategory ofD
b(kX ) whose objets have R-onstrutible ohmol-
ogy,
DbC-(kX) is the full subategory of D
b
R-(kX ) whose objets have C-onstrutible
ohomology,
Perv(kX) is the full abelian subategory of D
b
C-(kX) whose objets are perverse
sheaves.
We will not reall the onstrution of these ategories here, for more details see for instane
[KS1℄.
5
All manifolds (omplex or real) in this paper are supposed to be nite dimensional with a ountable
base of open sets.
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3.2 Miroloalization of sheaves
In this setion we reall the onstrution and some properties of the miroloalization of
Db(kX) on a subset S ⊂ T
∗X ([KS1℄, Chapter VI) whih we will then disuss from the
(pre)stak-theoretial point of view. Note that all denitions and statements below whih
do not involve C×-oni subsets of T ∗X are valid on a real manifold.
Reall that if F ∈ Db(kX) then one an assoiate to F a losed R
+
-oni involutive subset
SS(F) of T ∗X alled the miro-support of F. The theory of the miro-support an be found
in [KS1℄. It is the set of odiretions in whih F does not propagate. More preisely,
a point p ∈ T ∗X is not a point of the miro-support if and only if there exists an open
neighborgood U of p suh that for any x ∈ X and any real map ψ of lass C1 with ψ(x) = 0
and (dψ)x ∈ U we have
RΓ{x | ψ(x)>0}(F)x ≃ 0.
Let S ⊂ T ∗X be an arbitrary subset. Set
NS =
{
F ∈ Db(kX) | SS(F) ∩ S = ∅
}
.
The miro-support is invariant under the shift funtor. Further, if
F′ // F // F′′ // F
′[1]
is a distinguished triangle in whih F′ and F are objets of NS, then it follows from the
inlusion
SS(F′′) ⊂ SS(F) ∪ SS(F′)
that F′′ is also an objet of NS. Hene NS is a full triangulated subategory of D
b(kX).
Note that if x ∈ S ∩ T ∗XX then F ∈ NS implies F ≃ 0 in a neighborhood of x.
Denition 3.2.1. The miroloalization of Db(kX) on S is the loalization of the trian-
gulated ategory Db(kX) by the full triangulated subategory NS, i.e.
Db(kX , S) = D
b(kX)/NS .
If S = {p}, we will write Db(kX , p) for D
b(kX , {p}).
Note that an objet F in Db(kX , S) is isomorphi to zero if and only if F ⊕ F[1] ∈ NS
and sine SS(F ⊕ F[1]) = SS(F) this is equivalent to SS(F) ∩ S = ∅.
A morphism F → G of Db(kX) is alled an isomorphism on S if it is an isomorphism in
Db(kX , S). This is equivalent to the existene of a distinguished triangle in D
b(kX)
F // G // H
+ //
with SS(H) ∩ S = ∅.
From this it follows easily that if F
∼
→ G is an isomorphism in Db(kX , S), then SS(F)∩S =
SS(G) ∩ S. Hene the miro-support of F ∈ Db(kX , S) is well-dened in a germ of a
neighborhood of S.
Let F,G ∈ Db(kX , S). By denition we have
HomDb(kX ,S)(F,G) ≃ lim−→
F′
∼
→F
on S
HomDb(kX)(F
′,G).
We will have onstant reourse to the following easy lemma.
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Lemma 3.2.2. Let S ⊂ T˙ ∗X be any subset. Consider a morphism F → G of Db(kX) that
is an isomorphism on S. Then there exists an R+-oni open neighborhood U of S suh
that F → G is an isomorphism on U . In partiular SS(F) ∩ U = SS(G) ∩ U .
If moreover S is C×-oni, then we an hoose U to be C×-oni.
Proof. By hypothesis there exists a distinguished triangle in Db(kX)
F // G // H
+ //
suh that SS(H) ∩ S = ∅. Sine S˙S(H) is a losed R+-oni subset of T˙ ∗X, the set
U = ∁S˙S(H) is an open and R+-oni neighborhood of S suh that SS(H) ∩ U = ∅.
Now suppose that S is C×-oni. To prove the last statement we use the fat that every
R+-oni open neighborhood V of S ontains a C×-oni open neighborhood of S.
Reall that to any F,G ∈ Db(kX) we an assoiate the objet µhom(F,G) ∈ D
b(kT ∗X)
(see [KS1℄, Chapter IV). This omplex satises
supp(µhom(F,G)) ⊂ SS(F) ∩ SS(G).
Therefore µhom(F,G)|
S
is well-dened for F,G ∈ Db(kX , S).
For an arbitrary subset S there is a natural morphism
HomDb(kX ,S)(F,G) −→ H
0(S, µhom(F,G)). (3.2.1)
Let us reall its onstrution. For any two objets F1,F2 ∈ D
b(kX) we have a anonial
isomorphism
HomDb(kX)(F1,F2) ≃ H
0(T ∗X,µhom(F1,F2))
whih denes a morphism
HomDb(kX )(F1,F2) −→ H
0(S, µhom(F1,F2)).
Now if F′ → F is an isomorphism on S we get an indued isomorphism
H0(S, µhom(F,G))
∼
−→ H0(S, µhom(F′,G)).
Thus we get morphisms
HomDb(kX)(F
′,G) −→ H0(S, µhom(F,G)).
whih indue the morphism (3.2.1).
There is a well-known situation in whih this morphism is an isomorphism ([KS1℄, Theorem
6.1.2).
Proposition 3.2.3. Let p ∈ T ∗X and F,G ∈ Db(X, p). Then the morphism (3.2.1)
HomDb(X,p)(F,G) −→ H
0µhom(F,G)p
is an isomorphism.
The idea is to alulate both sides by using miroloal ut-o funtors. We will show
that suh a strategy works in the ase of a losed one in T˙ ∗xX, x ∈ X.
However, the morphism (3.2.1) is not an isomorphism in general (f. [KS1℄, Exerise
VI.6 whih gives a ounter-example on an open subset).
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Remark 3.2.4. The orrespondane
T ∗X ⊃ U 7→ Db(kX , U)
denes a prestak on T ∗X, whih we will usually denote by Db(kX , ∗).
Therefore γ∗D
b(kX , ∗)|
T˙∗X
denes a prestak on P ∗X.
Proposition 3.2.5. Let S be a subset of T˙ ∗X. Then the natural funtor
2lim
−→
S ⊂ U ⊂ T˙∗X
U R+-oni
Db(kX , U) −→ D
b(kX , S)
is an equivalene.
Proof. The funtor is obviously essentially surjetive. Let us show that it is fully faithful.
Let F,G ∈ Db(kX). By Lemma 3.2.2 we get
Hom
2lim
−→
S ⊂ U ⊂ T˙∗X
U R+-oni
Db(kX,U)
(F,G) ≃ lim−→
S ⊂ U ⊂ T˙∗X
U R+-oni
Hom
Db(kX,U)
(F,G)
≃ lim
−→
S ⊂ U ⊂ T˙∗X
U R+-oni
lim
−→
F
′ ∼→ F
on U
Hom
Db(kX)
(F′,G)
≃ lim−→
S⊂U⊂T˙ ∗X
lim−→
F
′ ∼→ F
on U
Hom
Db(kX )
(F′,G) ≃ Hom
Db(kX,S)
(F,G).
Corollary 3.2.6. Let S be a C×-oni subset of T˙ ∗X and p ∈ T ∗X.
(i) The natural funtor
2lim
−→
S ⊂ U ⊂ T˙∗X
U C×-oni
Db(kX , U) −→ D
b(kX , S)
is an equivalene.
(ii) The natural funtor
Db(kX , ∗)p −→ D
b(kX , p)
is an equivalene. If moreover p ∈ T˙ ∗X then
γ∗(D
b(kX , ∗)|T˙ ∗X)γ(p) ≃ D
b(kX , γ
−1γ(p)) = Db(kX ,C
×p).
Proof. Any R+-oni neighborhood of a C×-oni subset ontains a C×-oni neighbor-
hood. Thus part (i) of the orollary follows from a onality argument applied to the
result of Proposition 3.2.5 and part (ii) follows from Proposition 3.2.5 and (i).
3.3 Rened miroloal ut-o
Let us reall the basi idea of a miroloal ut-o funtor.
Let X be a nite dimensional real vetor spae, U ∋ 0 a relatively ompat open neigh-
borhood of 0 and onsider an open one γ ⊂ X∗.
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Denition 3.3.1. A miroloal ut-o funtor on U × γ is a funtor
ΦU,γ : D
b(kX)→ D
b(kX)
suh that
(i) SS(ΦU,γF) ⊂ X × γ (the miro-support has been ut o at γ),
(ii) SS(ΦU,γ(F)) ∩ U × γ = SS(F) ∩ U × γ,
(iii) ΦU,γ is equipped with a morphism of funtors α : ΦU,γ → Id suh that α indues an
isomorphism in Db(kX , U × γ) whih an be visualized by
Db(kX)

ΦU,γ // Db(kX)

Db(kX , U × γ) ΦU,γ≃Id
// Db(kX , U × γ).
Note that ondition (iii) implies (ii).
If the ut-o funtor ΦU,γ allows us to estimate the miro-support of ΦU,γ(F) in the ber
{0} ×X∗, we usually all it a rened miroloal ut-o.
A ut-o funtor is easily onstruted in the ase of a onvex open one (see Proposition
5.2.3 of [KS1℄). A generalization to non-onvex ones is stated in Exerise V.8 of [KS1℄
(for a proof see [D'A℄). These tools will allow us in Setion 3.4 to alulate setions of
µhom along a omplex line (or more generally along losed ones of T ∗xX where x ∈ X).
The result will imply that the morphism (3.2.1) is an isomorphism in this ase (see Setion
3.4).
Later we will need to onstrut a funtor DbC-,Λ(kX ,C
×p) → DbC-(kX , π(p)) if Λ is in
generi position at p (Setion 6.1). For this purpose we will need the rened miroloal
ut-o of [D'A℄. It is an extension of the lassial rened miroloal ut-o lemma
(Proposition 6.1.4 of [KS1℄) to non-onvex ones with a good estimate for the miro-
support.
Let us reall the ut-o funtor of [KS1℄, Exerise V.8. Let X be a real, nite dimensional
vetor spae, X˙ = X \ {0}, U ⊂ X an open subset and γ ⊂ X an open one.
We have the following natural morphisms:
X ×X
q1
zzuuu
uu
u
s
s˜ 
q2
$$I
II
II
I
X X X
where q1 and q2 are the natural projetions and
s : X ×X −→ X ; (x, y) 7→ x+ y,
s˜ : X ×X −→ X ; (x, y) 7→ x− y.
We dene the funtor ΦU,γ by setting for any F ∈ D
b(kX)
ΦU,γ(F) = k
∧
γa ∗ FU = Rs!(q
−1
1 k
∧
γa ⊗ q
−1
2 FU ).
It an be shown that ΦU,γ is a miroloal ut-o funtor in the sense of Denition 3.3.1.
Let us add two easy lemmas whih will be useful in the next setion.
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Lemma 3.3.2. Let F,G ∈ Db(kX ). Then we have a anonial isomorphism
R s!(q
−1
1 F ⊗ q
−1
2 G) ≃ R q1!(s˜
−1F ⊗ q−12 G)
Proof. Consider the map
ϕ : X ×X −→ X ×X ; (x, y) 7→ (x+ y, y)
We obviously have the formulas:
s˜ ◦ ϕ = q1 q1 ◦ ϕ = s q2 ◦ ϕ = q2
Hene we get the hain of natural isomorphisms
R s!(q
−1
1 F ⊗ q
−1
2 G) ≃ R q1!Rϕ!(ϕ
−1s˜−1F ⊗ ϕ−1q−12 G) ≃ R q1!(Rϕ!ϕ
−1s˜−1F ⊗ q−12 G)
≃ R q1!(s˜
−1F ⊗ q−12 G).
Lemma 3.3.3. Let γ1, γ2 ⊂ X be two open ones and U ⊂ X open. Then there is a
natural distinguished triangle
ΦU,γ1∩γ2(F) // ΦU,γ1(F) ⊕ ΦU,γ2(F) // ΦU,γ1∪γ2(F)
+ //
Proof. Follows immediately from the distinguished triangle
kγa1∩γa2
// kγa1 ⊕ kγa2
// kγa1∪γa2
+ //
by applying the triangulated funtors ( · )∧ and ( · ) ∗ FU .
Next, we reall D'Agnolo's ondition under whih the ut-o funtor ΦU,γ is rened.
These results will not be needed until Setion 6.
Denition 3.3.4. If γ ⊂ X∗ is an open one, set
∂◦γ = πχ(SS(Cγ) \ {0; 0})
where χ : T ∗X∗ → T ∗X is dened by χ(ξ;x) = (x;−ξ).
One says that (U, γ) is a rened utting pair at 0, if U ⊂ X is a relatively ompat open
neighborhood of 0 and for any x ∈ ∂U ∩ ∂◦γ there exists ξ ∈ X˙ suh that N∗x(U) = R>0ξ
and χ(SS(kγ )) ∩ π
−1(x) = R60ξ.
This allows one to give a good estimate of the miro-support of ΦU,γ(F) at 0.
Proposition 3.3.5. Let (U, γ) be a rened utting pair at 0. Then
SS(Φ
U,γ
(F)) ∩ π−1(0) ⊂
{
ξ ∈ γ | (0; ξ) ∈ SS(F)
}
∪
{
ξ ∈ ∂γ | ∃x ∈ U : (x, ξ) ∈ SS(F)
}
.
Let us add a useful orollary:
Corollary 3.3.6. Let (U, γ) be a rened utting pair at 0 and suppose that SS(F) ∩ (U ×
∂γ) = ∅. Then there exists an open neighborhood V of 0 suh that
SS(ΦU,γ(F)) ∩ π
−1(V ) = SS(F) ∩ (V × γ).
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Proof. Sine SS(ΦU,γ(F)) ⊂ X × γ and SS(ΦU,γ(F)) ∩ (U × γ) = SS(F) ∩ (U × γ), it is
enough to show that SS(ΦU,γ(F))∩V ×∂γ = ∅ for some neighborhood V of 0. D'Agnolo's
estimate of the mirosupport implies that this is at least true at 0.
Now suppose that suh a neighborhood V does not exist. Then we an onstrut a sequene
(xn, ξn) suh that xn −→ 0 and ξn ∈ SSxn(ΦU,γ(F)) ∩ ∂γ. Sine both sets are invariant by
R>0 we an assume that |ξn| = 1, hene by extrating a subsequene we an suppose that
ξn −→ ξ. Sine ∂γ and SS(ΦU,γ(F)) are losed we get by the estimate of the miro-support
that there exists x ∈ U suh that (x, ξ) ∈ SS(F) whih is impossible by hypothesis.
Finally, let us state an existene lemma for rened utting pairs.
Lemma 3.3.7. Let X be a real vetor spae and L ⊂ X a subspae of X. Then there
exists a fundamental system of open oni neighborhoods γ of (T˙ ∗LX)0 suh that for eah γ
there exists a fundamental system of open neighborhoods U of 0 in X suh that (U, γ) is a
rened utting pair.
Proof. This lemma is shown during the proof of Corollary 3.4 using Lemma 3.3 in [D'A℄.
We are now ready to give the rened version of the miroloal ut-o lemma along a
linear subspae.
Proposition 3.3.8 (Rened miroloal ut-o).
Let X be a real vetor spae and L ⊂ X a subspae. Let F ∈ ObDb(kX).
Then there exists a fundamental system of open oni neighborhoods γ of (˙T ∗LX)0 in T
∗
0X =
X∗ and for eah γ there exists a fundamental system of open neighborhoods U of 0, suh
that
(i) the natural morphism u : ΦU,γ(F)→ F indues an isomorphism in D
b(kX , U × γ).
(ii) SS(ΦU,γ(F)) ⊂ X × γ
(iii) S˙S(ΦU,γ(F)) ∩ ∂γ ∩ π
−1(0) ⊂
{
ξ ∈ ∂γ | ∃x ∈ U : (x, ξ) ∈ SS(F)
}
where we have set
S˙S(ΦU,γ(F)) = SS(ΦU,γ(F)) ∩ T˙
∗X.
3.4 Morphisms in Db(kX , {x} × δ˙)
In this setion we will alulate the morphisms in the ategory Db(kX , {x}×δ˙) where x ∈ X
and δ ⊂ T ∗xX is a losed one. More preisely we will show that the natural morphism
Hom
Db(kX,{x}×δ˙)
(
F,G
)
−→ H0
(
{x} × δ˙, µhom(F,G)
)
is an isomorphism. In order to prove this, we will onsider the omposition
lim
−→
U,γ
H0RHom
(
ΦU,γ(F)U ,G
)
−→ Hom
Db(kX,{x}×δ˙)
(
F,G
)
−→ H0
(
{x}×δ˙, µhom(F,G)
)
(∗)δ
and show that it is an isomorphism. Here U runs through the family of relatively ompat
open neighborhoods of 0 and γ through the set of open ones ontaining δ˙.
Proposition 3.4.1. Let X be a real vetor spae and onsider a losed onvex proper one
δ ⊂ X. Then the natural morphism
lim−→
U,γ
HnRHom
(
ΦU,γ(F)U ,G
)
−→ Hn
(
{0} × δ˙, µhom(F,G)
)
(∗)δ
is an isomorphism. Here U runs through the family of relatively ompat open neighbor-
hoods of 0 and γ through the set of open ones ontaining δ˙.
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Proof. First note that sine µhom(F,G) is oni, we have
Hn
(
{0} × δ˙, µhom(F,G)
)
≃ lim
−→
U,γ
Hn
(
U × γ, µhom(F,G)
)
.
Sine γ is open, onvex and proper, we have by [KS1℄, Theorem 4.3.2
Hn
(
U × γ, µhom(F,G)
)
≃ lim
−→
V,Z
HnZ∩V
(
V,RHom(q−12 F, q
!
1G)
)
where V runs through the family of open subsets of T∆
X
(kX × X) ≃ X × X suh that
V ∩∆X = U (i.e. q1(V ) = U) and Z through the family of losed subsets suh that the
inlusion C
∆
X
Z ⊂ U × γ◦ holds 6.
We have the following hain of isomorphisms
RΓZ∩V
(
V,RHom(q−12 F, q
!
1G)
)
≃ RΓ
(
V,RΓZ∩V RHom(q
−1
2 F, q
!
1G)
)
≃ RΓ
(
V,RHom((q−12 F)Z∩V , q
!
1G)
)
≃ RΓ
(
U ×X,RHom((q−12 F)Z∩V , q
!
1G)
)
≃ RΓ
(
U,RHom(R q1!(q
−1
2 F)Z∩V ,G
)
≃ RHom
(
(R q1!(kZ∩V ⊗ q
−1
2 F)U ,G
)
.
Hene we have
Hn
(
{0} × δ˙, µhom(F,G)
)
≃ lim
−→
U,γ
lim
−→
V,Z
HnRHom
(
(R q1!(kZ∩V ⊗ q
−1
2 F))U ,G
)
.
Now x U, γ and V,Z. Then V ontains a small relatively ompat open neighborhood of
0 of type U ′ ×U ′. Moreover we may assume by onality that Z is of the form s˜−1γ◦ in a
neighborhood of 0. Hene Z ∩ V ontains s˜−1γ◦ ∩ U ′ × U ′. We an therefore remove the
seond limit by replaing V ∩ Z with s˜−1γ◦ ∩ U × U . Then we get
RHom((Rq1!(kZ∩V ⊗ q
−1
2 F))U ,G) ≃ RHom((Rq1!(s˜
−1kγ◦ ⊗ q
−1
2 FU ))U ,G)
≃ RHom((R s!(q
−1
1 k
∧
γa ⊗ q
−1
2 FU ))U ,G) ≃ RHom(ΦU,γ(F)U ,G).
Therefore
Hn
(
{0} × δ˙, µhom(F,G)
)
≃ lim
−→
U,γ
HnRHom
(
ΦU,γ(F)U ,G)
)
.
Lemma 3.4.2. For any losed one δ ⊂ X onsider the morphism (∗)δ. Let δ1, δ2 ⊂ X be
two losed ones suh that the morphisms (∗)δ1 , (∗)δ2 and (∗)δ1∩δ2 are isomorphisms.
Then (∗)δ1∪δ2 is an isomorphism.
Proof. By Lemma 3.3.3 we get a morphism of distinguished triangles suh that the vertial
morphisms are given by (∗)δ1∩δ2 , (∗)δ1 ⊕ (∗)δ2 and (∗)δ1∪δ2 . Then the lemma follows from
the Five Lemma.
Proposition 3.4.3. Let X be a real vetor spae and onsider a losed one δ ⊂ X. Then
the natural morphism
lim−→
U,γ
HnRHom
(
ΦU,γ(F)U ,G
)
−→ Hn
(
{0} × δ˙, µhom(F,G)
)
(∗)δ
is an isomorphism. Here U runs through the family of relatively ompat open subsets of 0
and γ through the set of open ones ontaining δ˙.
6
Here C∆X Z denotes the normal one to Z along the diagonal ∆X (see [KS1℄, Deniton 4.1.1) and γ
◦
denotes the polar one of γ, i.e.
γ◦ = {x ∈ X∗ | 〈y, x〉 > 0 for all y ∈ γ.}
19
Proof. First suppose that δ an be written as a nite union of losed onvex proper ones.
Note that the intersetion of two proper, losed, onvex ones is again proper, losed and
onvex. Therefore, if δ′ is the union of n losed, onvex, proper ones then the intersetion
of a losed, onvex, proper one with δ′ an be written as a union of n losed onvex
proper ones. Using Proposition 3.4.1 and the previous lemma we an then easily show
the proposition by indution on the number of losed, onvex, proper ones that over δ.
Now let us onsider the general ase. Every losed one is a dereasing intersetion of
losed ones δi that an be overed by a nite number of losed onvex proper ones
7
.
Then (∗)δ = lim−→ (∗)δi is an isomorphism.
Theorem 3.4.4. Let X be a real manifold, x ∈ X and δ ⊂ T ∗xX a losed one. Then the
natural morphism
Hom
Db(kX,{x}×δ˙)
(
F,G
)
−→ H0
(
{x} × δ˙, µhom(F,G)
)
is an isomorphism.
Proof. By the last proposition we know that the morphism (∗)δ is an isomorphism. There-
fore the morphism of the theorem is surjetive.
Let us prove that it is injetive.
Let F → G be a morphism of Db(kX , {x} × δ˙) that is zero in H
0({x} × δ˙, µhom(F,G)).
Then we may represent this morphism by a morphism F′ → G in Db(kX) and a morphism
F′ → F that is an isomorphism on {x} × δ˙. We get a ommutative diagram
Hom
Db(kX )
(
F′,G
)
//
Id

Hom
Db(kX,{x}×δ˙)
(
F,G
)
//
∼

lim
−→
U,γ
R0Hom
(
ΦU,γ(F)U ,G
)
∼

Hom
Db(kX )
(
F′,G
)
// Hom
Db(kX,{x}×δ˙)
(
F′,G
)
// lim−→
U,γ
R0Hom
(
ΦU,γ(F
′)U ,G
)
.
Using the diagram, we see that there exists (U, γ) suh that ΦU,γ(F
′)U → F
′ → G is the
zero map in Db(kX). But ΦU,γ(F
′)U → F
′
is an isomorphism on {x} × δ˙, and therefore
F′ → G represents the zero morphism in Db(kX , {x} × δ˙).
4 Miroloalization of onstrutible sheaves
4.1 Miroloalization of R-onstrutible sheaves
Consider the full triangulated subategory DbR-(kX) ⊂ D
b(kX) and a subset S ⊂ T
∗X.
There are two obvious ways to dene the miroloalization of the derived ategory of
R-onstrutible sheaves on S that we reall now. Set
NR-,S = NS ∩D
b
R-(kX).
Then the inlusion DbR-(kX ) ⊂ D
b(kX) indues a funtor
DbR-(kX)/NR-,S −→ D
b(kX)/NS = D
b(kX , S).
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The proof is done by a simple ompaity argument in X˙/R+. For every p ∈ δ hoose a losed onvex
proper one with angle ε that ontains p. Then a nite number of these ones, say γ1, γ2, . . . , γn, will
over δ and we set δ1 =
⋃
i=1,...,n
γi. The next one δ2 is onstruted by hoosing for eah point a losed
onvex proper one with angle ε/2. Again a nite number will over δ, say γ′1, . . . , γ
′
m. Then we dene δ2
as the union of all intersetions γi ∩ γ
′
j and we proeed by indution. It is lear by onstrution that the
intersetion of the δi is the one δ.
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Clearly the objets of the image of this funtors are omplexes in Db(kX , S) with R-
onstrutible ohomology. But the funtor is not fully faithful in general. For our purpose
it will be onvenient to work with the ategory DbR-(kX)/NR-,S as does Andronikof in
[An1℄,[An2℄.
Denition 4.1.1. We set
DbR-(kX , S) = D
b
R-(kX)/NR-,S.
Remark 4.1.2. Let us emphasize again that the natural funtor
DbR-(kX , S) −→ D
b(kX , S) (4.1.1)
is not fully faithful. Hene although the objets of DbR-(kX , S) have R-onstrutible o-
homology, the ategory an not be identied to the full subategory of Db(kX , S) whose
objets have R-onstrutible ohomology. More preisely, let F,G ∈ DbR-(kX).
(i) A morphism F → G in DbR-(kX , S) is represented by a morphism F
′ → G where F′
has R-onstrutible ohomology sheaves and is isomorphi to F on S.
(ii) A morphism F → G in Db(kX , S) is represented by a morphism F
′ → G where
F′ ∈ Db(kX) is isomorphi to F on S.
Therefore it is not obvious to ompare morphisms in these two ategories.
Nevertheless note that for any F ∈ DbR-(kX , S) we have by denition F ≃ 0 if and only
if SS(F) ∩ S = ∅. Hene if F → G is a morphism in DbR-(kX) we get that F → G is an
isomorphism in DbR-(kX , S) if and only if it is an isomorphism in D
b(kX , S), hene if and
only if there is a distinguished triangle in DbR-(kX)
F // G // H
+ //
suh that SS(H) ∩ S = ∅. More generally we get
Proposition 4.1.3. The natural funtor
DbR-(kX , S) −→ D
b(kX , S)
is onservative, i.e. a morphism F → G of DbR-(kX , S) is an isomorphism in D
b
R-(kX , S)
if and only if it is an isomorphism in Db(kX , S).
Proof. We embed F → G in a distinguished triangle
F // G // H
+ //
in DbR-(kX , S). If F → G is an isomorphism in D
b(kX , S) then H ≃ 0 in D
b(kX , S).
Hene SS(H) ∩ S = ∅. Therefore H ≃ 0 in DbR-(kX , S) and F → G is an isomorphism in
DbR-(kX , S).
However there are some situations when the funtor (4.1.1) is fully faithful. For in-
stane, Andronikof remarked that the proof of Proposition 3.2.3 holds in the onstrutible
ase, hene
Proposition 4.1.4. Let F,G ∈ DbR-(kX , p). Then there is a anonial isomophism
HomDbR-(kX ,p)
(F,G)
∼
−→ H0µhom(F,G)p
and the natural funtor
DbR-(kX , p) −→ D
b(kX , p)
is fully faithful.
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4.2 The ategory DbR-(kX , {x} × δ˙)
We will see that the natural morphism (4.1.1) is a an isomorphism for orbits of C× and
more generally for losed ones δ˙ in T˙ ∗xX for some x ∈ X.
Proposition 4.2.1. Let F,G ∈ DbR-(kX). Then the natural morphism
HomDbR-(kX ,{x}×δ˙)
(F,G) −→ HomDb(kX ,{x}×δ˙)(F,G)
is an isomorphism.
Proof. We may assume that X is a vetor spae. Note that if F ∈ DbR-(kX), then ΦU,γ(F)U
is R-onstrutible for any relatively ompat subanalyti open subset U ∋ 0 and any
subanalyti open one γ ⊂ X.
Then the results of Setion 3.4 hold in the R-onstrutible ase. More preisely, we see
rst (as in Proposition 3.4.3) that the omposition
lim
−→
U,γ
H0RHom
(
ΦU,γ(F)U ,G
)
−→ Hom
Db
R-
(kX,{x}×δ˙)
(
F,G
)
−→ Hom
Db(kX,{x}×δ˙)
(
F,G
)
−→ H0
(
{x} × δ˙, µhom(F,G)
)
is an isomorphism and then (as in Theorem 3.4.4) that the omposition
Hom
Db
R-
(kX,{x}×δ˙)
(
F,G
)
−→ Hom
Db(kX,{x}×δ˙)
(
F,G
)
−→ H0
(
{x} × δ˙, µhom(F,G)
)
is an isomorphism. Sine the seond morphism of the last omposition is an isomorphism,
we get the result.
Combining Proposition 4.2.1 and Theorem 3.4.4 we get the following theorem.
Theorem 4.2.2. The natural funtor
DbR-(kX , {x} × δ˙) −→ D
b(kX , {x} × δ˙)
is fully faithful. Moreover for every F,G ∈ DbR-(kX , {x} × δ˙) we have
HomDbR-(kX ,{x}×δ˙)
(F,G)
∼
−→ H0({x} × δ˙, µhom(F,G)).
4.3 Miroloally C-onstrutible sheaves
Reall the miroloal haraterization of omplexes with C-onstrutible ohomology sheaves
given in [KS1℄ (Theorem 8.5.5).
Proposition 4.3.1. A omplex F in Db(kX) has C-onstrutible ohomology if and only
if F ∈ DbR-(kX) and SS(F) is a C
×
-oni subset of T ∗X.
If S ⊂ T ∗X is a not neessarily C×-oni subset, then this suggests the denition of a
miroloally C-onstrutible sheaf on S in as follows:
Denition 4.3.2. (i) An objet F ∈ DbR-(kX) (or D
b
R-(kX , S
′) for S′ ⊃ S) is alled
miroloally C-onstrutible on S if SS(F) is C×-oni on S.
(ii) We denote by DbC-(kX , S) be the full subategory of D
b
R-(kX , S) onsisting of mi-
roloally C-onstrutible sheaves (on S).
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Remark 4.3.3. Note that the ategory of miroloally C-onstrutible sheaves (on S)
is dierent from the ategory DbC-(kX)/(NS ∩ D
b
C-(kX)) (i.e. the miroloalization of
C-onstrutible sheaves). There is a natural funtor
DbC-(kX)/(NS ∩D
b
C-(kX)) −→ D
b
C-(kX , S),
but in general, an objet in DbC-(kX , S) annot be represented by a omplex with C-
onstrutible ohomology sheaves. One shall keep in mind that by denition an objet
in DbR-(kX , S) (the miroloalization of R-onstrutible sheaves) is represented by an R-
onstrutible sheaf on X. Sine R-onstrutible sheaves an be dened by a miroloal
property
8
, there also exists a natural denition of a miroloally R-onstrutible sheaf
whih we do not onsider in this paper.
Remark 4.3.4. Of ourse Denition 4.3.2, (i) is equivalent to the statement
(i) A sheaf F ∈ DbR-(kX) (resp. F ∈ D
b
R-(kX , S
′) for S′ ⊃ S) is miroloally C-
onstrutible on S if for every point p of S there exists an open neighborhood U of
p suh that U ∩ SS(F) = U ∩C× SS(F).
Obviously DbC-(kX , T
∗X) = DbC-(kX) and if x ∈ X, then F ∈ D
b
R-(kX) denes an objet
of DbC-(kX , x) if and only if F|V is C-onstrutible for some neighborhood V of x.
However the ategory DbC-(kX , S) is not very easy to understand in general, espeially if
S is not C×-oni.
Lemma 4.3.5. Let F ∈ Db(kX) and S ⊂ T˙
∗X
(i) The objet F is miroloally C-onstrutible on S if and only if F is mioloally C-
onstrutible on R+S.
(ii) Suppose that S ⊂ T˙ ∗X is C×-oni.
Then F is miroloally C-onstrutible on S if and only if F is mioloally C-onstrutible
in γ−1(U) where U is a germ of a neighborhood of γ(S) in P ∗X.
Proof. Statemen (i) is a onsequene of Lemma 3.2.2 and (ii) follows from (i) and the fat
that any R+-oni neighborhood of S ontains a C×-oni neighborhood.
Remark 4.3.6. There is an obvious funtor DbC-(kX ,C
×S) → DbC-(kX , S). One might
ask the question whether or not a sheaf F of DbC-(kX , S) an be lifted to D
b
C-(kX ,C
×S)
and if there is a tool to produe an objet of DbC-(kX ,C
×S) that is isomorphi to F on S.
There does not seem to be an obvious answer as the following example shows:
Consider X = C2 and the sheaf F = CC×{(0,0)} ⊕ C{0}×R×R×{0}. Then
SS(F) = T ∗C×{(0,0)}X ∪ T
∗
{0}×R×R×{0}X.
Take p = ((0, 0, 0, 0); (0, 0, 1, 1)) ∈ T˙ ∗X. Then SS(F) = C×p in a neighborhood of p.
But if U ⊃ C×p is an arbitrary neighborhood of C×p, SS(F) is not C×-oni on U , hene F
is miroloally C-onstrutible at p but not on C×p. However F is isomorphi in DbR-(kX , p)
to the sheaf CC×{(0,0)} whih is globally C-onstrutible. The problem is how to onstrut
CC×{(0,0)} funtorially from F. It annot be done by a ut-o funtor whih will always
preserve the miro-support in a neighborhood of C×p.
Hene miroloally C-onstrutible sheaves should be dened on P ∗X rather then T ∗X
and Denition 4.3.2 will mostly be used for a C×-oni subset X.
8
An objet F ∈ Db(kX) is weakly R-onstrutible if and only if its miro-support is Lagrangian.
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4.4 The ategory DbC-(kX , {x} × δ˙)
Proposition 4.4.1. The natural funtors
DbC-(kX , {x} × δ˙) −→ D
b
R-(kX , {x} × δ˙) −→ D
b(kX , {x} × δ˙)
are fully faithful. Moreover for every F,G ∈ DbR-(kX , {x} × δ˙) we have
HomDbC-(kX ,{x}×δ˙)
(F,G)
∼
−→ H0(C×p, µhom(F,G)).
Proof. The rst funtor is fully faithful by denition, the seond by Theorem 4.2.2. The
seond part follows again from Theorem 4.2.2.
5 Invariane by quantized ontat transformations
Let ΩX ⊂ T
∗X be an open subset of a real manifold X. In [KS1℄, Kashiwara-Shapira
showed that the ategory Db(kX ,ΩX) (or more generally the prestak D
b(kX , ∗ )|ΩX ) is
invariant under quantized ontat transformations. Let us briey explain this statement.
Consider real manifolds X,Y of the same dimension and open subsets ΩX ⊂ T˙
∗X, ΩY ⊂
T˙ ∗Y . An R+-homogenous sympleti isomorphism
χ : ΩX
∼
−→ ΩY
is often alled a ontat transformation (although stritly speaking, the ontat strutures
are dened on the projetive bundles). Invariane under quantized ontat transforma-
tions means that loally we an onstrut from χ an equivalene of ategories
ΦK : D
b(kX ,ΩX)
∼
−→ Db(kY ,ΩY ).
The equivalene ΦK is expliitly given by an integral transform and depends on the hoie
of a kernel K ∈ Db(kY ×X). The main result ([KS1℄, Corollary 7.2.2) is:
Theorem 5.0.2. Let X,Y be two real manifolds, ΩX ⊂ T
∗X, ΩY ⊂ T
∗Y open subsets
and
χ : ΩX −→ ΩY
a real ontat transformation. Set
Λ =
{
((y; η), (x; ξ)) ∈ ΩY × Ω
a
X | (y, η) = χ(x,−ξ)
}
.
Let pX ∈ ΩX and pY = χ(pX).
There exist open neighborhoods X ′ of π(pX), Y
′
of π(pY ), Ω
′
X of pX , Ω
′
Y of pY with
Ω′X ⊂ T
∗X ′ ∩ ΩX , Ω
′
Y ⊂ T
∗Y ′ ∩ΩY and a kernel K ∈ D
b(kY ′×X′) suh that:
(1) χ indues a ontat transformation Ω′X
∼
→ Ω′Y ,
(2) (
(Ω′′Y × T
∗X ′) ∪ (T ∗Y ′ × Ω′′X
a
)
)
∩ SS(K) ⊂ Λ ∩ (Ω′′Y × Ω
′′
X
a
)
for every open subsets Ω′′X ⊂ Ω
′
X and Ω
′′
Y = χ(Ω
′′
X),
(3) omposition with K indues an equivalene of prestaks
ΦK = K◦ : χ∗D
b(k′X , ∗ )|Ω′X −→ D
b(kY ′ , ∗ )|Ω′Y ,
a quasi-inverse being given by ΦK∗ whith K
∗ = r∗RHom(K, ωY×X|X) where r :
Y ×X → X × Y swithes the fators.
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(4) SS(ΦK(F)) ∩ Ω
′′
Y = χ(SS(F) ∩ Ω
′′
X),
(5) χ∗µhom(F,G)|ΩX′ ≃ µhom(ΦK(F),ΦK(G))|ΩY ′ .
Remark 5.0.3. There is a slight dierene to [KS1℄, Corollary 7.2.2 where the smaller
open subset Ω′′X is not introdued. For instane, statement (3) is stated as an equivalene
of ategories
ΦK : D
b(kX′ ,Ω
′
X) −→ D
b(kY ′ ,Ω
′
Y ).
However, it is obvious that if we have the theorem for xed X ′, Y ′,Ω′X ,Ω
′
Y , then (1), (2),
(4) and (5) are valid for any open subset Ω′′X ⊂ Ω
′
X and Ω
′′
Y = χ(Ω
′′
X). The fat that (3) is
valid on Ω′′X is based on the observation that (3) is essentially a onsequene of (2) (plus
some independent onditions on K, f. [KS1℄, Theorem 7.2.1).
Now let us onsider onstrutible sheaves. It is not immediately obvious that the
equivalene (3) of Theorem 5.2.1 should indue an equivalene on the mirolization of
R-onstrutible (resp. on miroloally C-onstrutible or later on miroloally perverse)
sheaves
χ∗D
b
R-(kX , ∗ )|ΩX
?
−→ DbR-(kY , ∗ )|ΩY
sine the funtor ΦK is not well dened on R-onstrutible sheaves. This problem an
be solved at a point p ∈ T ∗X by using the miroloal omposition of [KS1℄. In [An2℄,
Andronikof uses this tool to onstrut the funtor Φµ
K
. Then one an treat a variety of
kernels K but a priori, one an no longer work in an open neighborhood.
However, under the hypothesis of Theorem 5.0.2, we do not need to use miroloal om-
position of kernels. We an always dene the funtor
χ∗D
b
R-(kX , ∗ )|ΩX −→ χ∗D
b(kX , ∗ )|ΩX
ΦK−→ Db(kY , ∗ )|ΩY
and hope that it fators through DbR-(kY , ∗ )|ΩY . However, one has to beware that
DbR-(kY , ∗ )|ΩY is not a full subprestak of D
b(kY , ∗ )|ΩY , hene it is not suent to show
that ΦK(F) is isomorphi to an R-onstrutible sheaf in D
b(kY , ∗ )|ΩY . We enounter this
problem in Setion 5.1 (see Theorem 5.1.2).
5.1 Quantization of R-onstrutible sheaves
Reall the denition of the full subategory N(Y,X,ΩY ,ΩX) of D
b(kY×X ,ΩY ×T
∗X). Its
objets are kernels K on Y ×X suh that
(i) SS(K) ∩ (ΩY × T
∗X) ⊂ ΩY ×Ω
a
X
(ii) The projetion p1 : SS(K) ∩ (ΩY × T
∗X)→ ΩY is proper.
If V = πX(ΩX) is a subanalyti relatively ompat open subset of X we set
NR-(Y,X,ΩY ,ΩX) = N(Y,X,ΩY ,ΩX) ∩D
b
R-(kY×X ,ΩY × T
∗X).
Denition 5.1.1. Let K ∈ NR-(Y,X,ΩY ,ΩX). We dene the funtor Φ
R-
K
as
DbR-(kX ,ΩX) −→ D
b
R-(kY ,ΩY ) ; F 7→ K ◦ FV .
Note that K ◦FV is R-onstrutible sine V is subanalyti and relatively ompat. We
may visualize the situation by the following diagram
DbR-(kX ,ΩX)
ΦR-
K //

DbR-(kY ,ΩY )

Db(kX ,ΩX)
K◦
// Db(kY ,ΩY ).
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The square is ommutative up to natural isomorphism sine the natural morphism F → FV
indues an isomorphism K ◦ F
∼
→ K ◦ FV in D
b(kY ,ΩY ).
Now suppose that K ∈ NR-(Z, Y,ΩZ ,ΩY ) and L ∈ NR-(Y,X,ΩY ,ΩX). Then their om-
position K◦L is well dened in N(Z,X,ΩZ ,ΩX) but not neessarily in NR-(Z,X,ΩZ ,ΩX).
Note however that by denition L ∈ Db(kY×X ,ΩY ×T
∗X). Hene, if we setW = πY (ΩY ),
we do not distinguish between L and LW×X in L ∈ N(Y,X,ΩY ,ΩX). In other words we
get a natural isomorphism
K ◦ L
∼
−→ K ◦ LW×X
in Db(kZ×X ,ΩZ × T
∗X). Then we get natural isomorphisms
ΦR-K Φ
R-
L (F) ≃ K ◦ (L ◦ FV )W ≃ (K ◦ LW×X) ◦ FV ≃ Φ
R-
K◦LW×X
(F).
Hene, the theory of miroloal kernels (Setion 7.1. of [KS1℄) works well in the R-
onstrutible ase if we restrit ourselves to relatively ompat subanalyti open sets.
Finally suppose that Ω′X ⊂ ΩX , Ω
′
Y ⊂ ΩY and that K ∈ NR-(Y,X,ΩY ,ΩX) ∩
NR-(Y,X,Ω
′
Y ,Ω
′
X). Then we get a diagram
DbR-(kX ,ΩX)
ΦR-
K //

DbR-(kY ,ΩY )

DbR-(kX ,Ω
′
X) ΦR-
K
// DbR-(kY ,Ω
′
Y )
that is ommutative up to natural isomorphism indued by (FV )V ′ ≃ FV ′ where V
′ =
π(Ω′Y ).
Now suppose that we are given a ontat transformation
χ : ΩX
∼
−→ ΩY
where we assume that π(ΩX), π(ΩY ) are relatively ompat subanalyti open sets. If there
exists an objet K suh that K ∈ NR-(Y,X,Ω
′
Y ,Ω
′
X) for all open subsets Ω
′
X ⊂ ΩX and
Ω′Y = χ(Ω
′
X) then we get a ommutative diagram of funtors of prestaks
DbR-(kX , ∗ )|ΩX
ΦR-
K //

DbR-(kY , ∗ )|ΩY

Db(kX , ∗ )|ΩX ΦK
// Db(kY , ∗ )|ΩY
All ompatibility onditions are easily veried by diagram hases.
We are now ready to quantize R-onstrutible sheaves. All we need to know is that the
kernel produed in Theorem 5.0.2 an be taken R-onstrutible.
Theorem 5.1.2. Let X,Y be two real manifolds, ΩX ⊂ T
∗X, ΩY ⊂ T
∗Y open subsets
and
χ : ΩX
∼
−→ ΩY
a ontat transformation. Set
Λ =
{
((y; η), (x; ξ)) ∈ ΩY × Ω
a
X | (y, η) = χ(x,−ξ)
}
.
Let pX ∈ ΩX and pY = χ(pX).
There exist open neighborhoods X ′ of π(pX), Y
′
of π(pY ), Ω
′
X of pX , Ω
′
Y of pY with
Ω′X ⊂ T
∗X ′ ∩ ΩX , Ω
′
Y ⊂ T
∗Y ′ ∩ΩY , and there exists K ∈ D
b
R-(kY ′×X′) suh
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(1) χ indues a ontat transformation Ω′X
∼
→ Ω′Y ,
(2) (
(Ω′′Y × T
∗X ′) ∪ (T ∗Y ′ × Ω′′X
a
)
)
∩ SS(K) ⊂ Λ ∩ (Ω′′Y × Ω
′′
X
a
)
for every open subsets Ω′′X ⊂ Ω
′
X and Ω
′′
Y = χ(Ω
′′
X),
(3) omposition with K indues an equivalene of prestaks
ΦR-K : χ∗D
b
R-(kX′ , ∗ )|Ω′X −→ D
b
R-(kY ′ , ∗ )|Ω′Y ,
and ΦR-
K∗
denes a quasi-inverse where K∗ = r∗RHom(K, ωY×X|X) and r : Y ×X →
X × Y swithes the fators.
(4) SS(ΦR-
K
(F)) ∩Ω′′Y = χ(SS(F) ∩Ω
′′
X),
(5) χ∗µhom(F,G)|Ω′X ≃ µhom(ΦK(F),ΦK(G))|Ω′Y .
Proof. Let us show that in the situation of Theorem 5.0.2 we an hoose the kernel to be
K R-onstrutible.
First assume that Λ is the onormal bundle of a smooth hypersurfae S ⊂ Y ×X. Then
one an take the kernel K = kS (f. [KS1℄, Corollary 7.2.2). Reall that loally χ may be
deomposed as
χ = χ1 ◦ χ2 : ΩX −→ ΩZ −→ ΩY
where the Lagrangian manifold Λi assoiated to the ontat transformation χi is the onor-
mal bundle to a smooth hypersurfae Si. By shrinking ΩX and ΩY we may assume that
πZ(ΩZ) is subanalyti and relatively ompat. Then kS1◦kS2∩(piZ(ΩZ )×X) is R-onstrutible
and saties (1), (2), (4) and (5) of the theorem (f. [KS1℄, Corollary 7.2.2).
Moreover we know that ΦR-
K
and ΦR-
K∗
are well-dened and that they are quasi-inverse
funtors in the non-onstrutible ase.
By denition, we have
ΦR-K ◦Φ
R-
K∗ ≃ Φ
R-
K◦K∗
V×Y
.
Reall that there is a natural isomorphism
k∆X −→ K ◦K
∗
in Db(kX ,ΩX). Hene we get an isomorphism
k∆X −→ K ◦K
∗ −→ K ◦K∗
V×Y
(5.1.1)
in Db(kX ,ΩX). It is suent to prove that this morphism is well dened in D
b
R-(kX ,ΩX).
Denote by q12, q13, q23 the obvious projetions from X × X × Y . We get a ommutative
diagram
k∆X //
))SS
SS
SS
SS
SS
SS
SS
SS
Rq12∗RHom(q
−1
13 K, q
!
23K)

K ◦K∗oo

Rq12∗RHom(q
−1
13 K, q
!
23KV×Y ) K ◦K
∗
V×Y
oo
that is dened in Db(kX ). Note that the lower part is well-dened in D
b
R-(kX). All
morphisms beome isomorphisms in Db(kX ,ΩX) (f. [KS1℄, Theorem 7.2.1). Sine the
natural funtor DbR-(kX ,ΩX) → D
b(kX ,ΩX) is onservative, this shows that (5.1.1) is
well-dened in DbR-(kX ,ΩX).
Similarly one shows that the kernel r−1RHom(K, ωX×Y |X) denes a right inverse of K
whih proves that ΦR-
K
is an equivalene. Then ΦR-
K∗
is atually a quasi-inverse sine it is
a left inverse of an equivalene.
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5.2 Quantization of C-onstrutible sheaves
It is now easy to transfer the results of the last setion to miroloally C-onstrutible
sheaves.
Consider omplex manifolds X,Y of the same dimension and open C×-oni subsets ΩX ⊂
T˙ ∗X, ΩY ⊂ T˙
∗Y . We will all a C×-homogenous sympleti isomorphism
χ : ΩX
∼
−→ ΩY
a ontat transformation (omitting omplex sine we will never onsider real ontat
transformations when dealing with miroloally C-onstrutible sheaves). Then we get
the analogous statements of Theorems 5.0.2 and 5.1.2 by replaing open sets with C×-
oni open sets. Let us give the preise formulation only in the ase of miroloally C-
onstrutible sheaves.
Theorem 5.2.1. Let X,Y be two omplex manifolds, ΩX ⊂ T˙
∗X, ΩY ⊂ T˙
∗Y open subsets
and
χ : ΩX −→ ΩY
a homogenous omplex ontat transformation. Set
Λ =
{
((y; η), (x; ξ)) ∈ ΩY × Ω
a
X | (y, η) = χ(x,−ξ)
}
.
Then Λ is C×-oni. Let pX ∈ ΩX and pY = χ(pX).
There exist open neighborhoods X ′ of π(pX), Y
′
of π(pY ), C
×
-oni open neighborhoods
Ω′X of C
×pX , Ω
′
Y of C
×pY with Ω
′
X ⊂ T
∗X ′ ∩ ΩX , Ω
′
Y ⊂ T
∗Y ′ ∩ ΩY and a kernel
K ∈ DbR-(kY ′×X′) satisfying
(1) χ indues a homogenous ontat transformation χ : Ω′X
∼
→ Ω′Y ,
(2) (
(Ω′′Y × T
∗X ′) ∪ (T ∗Y ′ × Ω′′X
a
)
)
∩ SS(K) ⊂ Λ ∩ (Ω′′Y × Ω
′′
X
a
)
for every C×-oni open subset Ω′′X ⊂ Ω
′
X and Ω
′′
Y = χ(Ω
′′
X),
(3) the funtor ΦR-
K
indues an equivalene of prestaks
ΦC-K : χ∗D
b
C-(kX′ , ∗ )|Ω′X −→ D
b
C-(kY ′ , ∗ )|Ω′Y .
(4) SS(ΦC-
K
(F)) ∩Ω′′Y = χ(SS(F) ∩Ω
′′
X)
(5) χ∗µhom(F,G)|Ω′
X
≃ µhom(ΦC-
K
(F),ΦC-
K
(G))|ΩY ′ .
Proof. Sine by denition DbC-(kX ,Ω
′′
X) is a full subategory of D
b
R-(kX ,Ω
′′
X), it is enough
to show that for any F ∈ DbC-(kX ,ΩX) the objet Φ
R-
K
(F) is an objet of DbC-(kY ,ΩY ).
Hene we have to show that SS(Φ(F)) is C×-oni on ΩY . Sine χ is C
×
-homogenous this
is easily veried by the formula
SS(ΦR-K (F)) ∩ Ω
′′
X = χ(SS(F) ∩Ω
′′
Y ).
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6 Miroloally omplex onstrutible sheaves on C×p
Let p ∈ T˙ ∗X. As a speial ase of Proposition 4.4.1 we get that the natural funtor
DbC-(kX ,C
×p) −→ Db(kX ,C
×p)
is fully faithful. Moreover, morphisms inDb(kX ,C
×p) between miroloally C-onstrutible
sheaves F,G ∈ DbC-(kX ,C
×p) are given by setions of µhom(F,G) on C×p.
In this setion we will give a desription of the objets of DbC-(kX ,C
×p) using quantized
ontat transformation and the generi position theorem. More preisely we will show in
Setion 6.1 that if F is miroloally C-onstrutible on C×p and SS(F) is in generi position
(i.e. SS(F)∩C×p is isolated in π−1π(p)) then F is isomorphi in Db(kX ,C
×p) to an objet
of DbC-(kX).
It will often be onvenient to x an R+-oni Lagrangian variety Λ in T ∗X and to
onsider only sheaves whose miro-support is ontained in Λ. We introdue the following
ategories:
Denition 6.0.2. Let Λ ⊂ T ∗X be an R+-oni Lagrangian variety dened in a neighbor-
hood of a subset S ⊂ T ∗X. Then we dene the following two ategories:
(1) DbR-,Λ(kX , S) ⊂ D
b
R-(kX , S) is the full subategory of D
b
R-(kX , S) whose objets F
satisfy SS(F) ⊂ Λ in a neighborhood of S.
(2) DbC-,Λ(kX , S) = D
b
C-(kX , S) ∩D
b
R-,Λ(kX , S).
Of ourse, the seond denition is only of interest when S is C×-oni and Λ is C×-oni
on the subset S.
6.1 Miroloal omplex onstrutible sheaves in generi position
Denition 6.1.1. Let p ∈ T˙ ∗X and Λ ⊂ T ∗X be an R+-oni Lagrangian subset suh
that Λ is C×-oni in a neighborhood of C×p. We say that Λ is in generi position at p if
Λ ∩ π−1
(
π(p)
)
⊂ C×p
in a neighborhood of C×p.
Remark 6.1.2. If Λ is in generi position at p, then Λ is C×-oni in a neighborhood of
C×p by denition. Hene either Λ ∩ π−1
(
π(p)
)
⊂ C×p or Λ ∩ π−1
(
π(p)
)
= ∅. Moreover,
being in generi position is an open property. Also note that if Λ is in generi position
then it is in generi position in the sense of [KK℄, Chapter I.6 where Λ is supposed to be
only loally C×-oni in a neighborhood of p.
Proposition 6.1.3. Let Λ ⊂ T ∗X be an R+-oni Lagrangian variety that is C×-oni in
a neighborhood of C×p. Suppose that Λ is in generi position at p. Then there exists a
fundamental system of oni open subanalyti neighborhoods γ of C×p in T˙ ∗
pi(p)X and for
eah γ a fundamental system of open relatively ompat subanalyti neighborhoods U of
π(p) suh that
(1) the miroloal ut-o funtor ΦU,γ : D
b(kX)→ D
b(kX) indues a funtor
ΦU,γ : D
b
C-,Λ(kX , U × γ) −→ D
b
C-(kX ,C
×p),
and this funtor fators as
ΦU,γ : D
b
C-,Λ(kX , U × γ) −→ D
b
C-(kX , π(p)) −→ D
b
C-(kX ,C
×p).
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(2) There is an isomorphism of funtors ΦU,γ
∼
−→ ι where ι : DbC-,Λ(kX , U × γ) →
DbC-(kX ,C
×p) is the natural funtor.
(3) SS
(
ΦU,γ(F)
)
∩ π˙−1(V ) = SS(F)∩ (V × γ) for suently small open neighborhoods V
of π(p).
(4) SS
(
ΦU,γ(F)
)
∩ π˙−1π(p) ⊂ C×p.
Proof. Sine the funtor ΦU,γ sends D
b
R-(kX) to D
b
R-(kX) (f. Proposition 4.2.1), it indues
ΦU,γ : D
b
R-(kX , U × γ) −→ D
b
R-(kX , U × γ).
Sine SS(ΦU,γ(F)) ∩ U × γ = SS(F) ∩ U × γ the funtor ΦU,γ preserves miroloally C-
onstrutible sheaves and we get the funtor of (1) as
ΦU,γ : D
b
C-(kX , U × γ) −→ D
b
C-(kX , U × γ) −→ D
b
C-(kX ,C
×p).
Reall that there exist a fundamental system of oni subanalyti open neighborhoods
γ of C×p and for eah γ a fundamental system of relatively ompat subanalyti open
neighborhoods U of π(p) suh that (U, γ) is a rened utting pair. If γ is suently small
then γ∩π−1π(p)∩Λ = C×p. Next we hoose U suently small suh that U ∩∂γ∩Λ = ∅.
Then (2) follows from the rened mioloal ut-o lemma, (3) from Corollary 3.3.6 and
(4) from (3).
Finally let us prove the fatorization of (1). For this purpose let us rst write DbC-,Λ(kX , U×
γ) as a loalization of a full subategory of DbR-(kX).
Denote by DbR-,Λ,U×γ(kX) the full subategory of D
b
R-(kX) suh that
SS(F) ∩ U × γ ⊂ Λ.
The ategory DbR-,Λ,U×γ(kX) is obviously a full triangulated subategory. Now we loal-
ize DbR-,Λ,U×γ(kX) by omplexes whose miro-support is disjoint from U × γ (hene by
NR-,U×γ). Then we get a natural funtor
DbR-,Λ,U×γ(kX)/NR-,U×γ −→ D
b
R-,Λ(kX , U × γ). (6.1.1)
If F ∈ DbR-,Λ,U×γ(kX) and
(SS(F) ∩ U × γ) ⊂ (Λ ∩ U × γ),
then any objet F′ that is isomorphi to F on U × γ is also an objet of DbR-,Λ,U×γ(kX).
Hene we get that (6.1.1) is an equivalene.
By assumption Λ is C×-oni in a neighborhood of C×p. Hene we may assume that Λ is
C×-oni on U × γ. One an show that if SS(F) ⊂ Λ then SS(F) is C×-oni on U × γ (f.
Theorem 8.5.5 of [KS1℄). Let us reall the idea of the proof. First one shows that SS(F)
is open in Λ (on U × γ) and therefore loally C×-oni, i.e. for every C×-orbit S the set
SS(F) ∩ S ∩ U × γ is open in S ∩ U × γ (Lemma 8.3.14 of [KS1℄). Then, by Proposition
8.5.2 of [KS1℄, one gets that Λ is C-analyti on U ×γ. Hene Λ is C-analyti and R+-oni
and therefore C×-oni.
Thus, we get the equivalene
DbR-,Λ,U×γ(kX)/NR-,U×γ ≃ D
b
R-,Λ(kX , U × γ) ≃ D
b
C-,Λ(kX , U × γ).
By (3) and the assumption that Λ is C×-oni in a neighborhood of C×p we get the funtor
DbR-,Λ,U×γ(kX)
ΦU,γ
−→ DbC-(kX , π(p))
for suently small (U, γ). If F ∈ DbR-,Λ,U×γ(kX) ∩ NR-,U×γ then again by (3) F is zero
in DbC-(kX , π(p)). Hene we get the fatorization of (1).
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Lemma 6.1.4. In the situation of Proposition 6.1.3, suppose that we have two pairs
(V, δ) ⊂ (U, γ) suh that (1),(2),(3),(4) are satised. Then the natural morphism
ΦV,δ(F) −→ ΦU,γ(F)
is an isomorphism in DbC-(kX , π(p)).
Proof. Embed the morphism in a distinguished triangle
ΦV,δ(F) // ΦU,γ(F) // H //
in DbR-(kX). We want to show that H is isomorphi to zero in a neighborhood of π(p).
First note that we have SS(H)∩V ×δ = ∅ beause ΦV,δ(F) −→ ΦU,γ(F) is an isomorphism
on V × δ. By (3), there exists an open neighborhood V ′ ⊂ V of π(p) suh that
SS(ΦV,δ(F)) ∩ π˙
−1(V ′) = SS(F) ∩ (V ′ × δ)
and
SS(ΦU,γ(F)) ∩ π˙
−1(V ′) = SS(F) ∩ (V ′ × γ).
However if we take V ′ suently small then we will show that
SS(ΦU,γ(F)) ∩ π˙
−1(V ′) = SS(F) ∩ (V ′ × δ).
Indeed suppose that this is not possible. Then we an onstrut a sequene (xn, ξn) ∈ T˙
∗X
suh that xn → π(p) and ξn ∈ γ \ δ and |ξn| = 1. By extrating a onvergent subsequene,
we get a point (π(p), ξ) ∈ SS(ΦU,γ(F)) ∩ {π(p)} × (γ \ δ). But this is impossible beause
by (4) we have SS(ΦU,γ(F)) ∩ π
−1π(p) = C×p.
Hene
SS(H) ∩ π˙−1(V ′) ⊂ (SS(ΦV,δ(F) ∪ SS(ΦU,γ(F)) ∩ π˙
−1π(V ′) ⊂ V ′ × δ
and therefore SS(H) ∩ π−1(V ′) ⊂ T ∗XX. But if V
′
is suently small then
SS(H) ∩ V ′ ⊂ (SS(ΦV,δ(F) ∪ SS(ΦU,γ(F)) ∩ V
′ ⊂ π(Λ) ∩ V ′
where π(Λ) is a losed hypersurfae and we an onlude that H ≃ 0 by involutivity of the
miro-support.
Theorem 6.1.5. Suppose that Λ is in generi position at p. Then the miroloal ut-o
funtors indue a fully faithful funtor
Φ : DbC-,Λ(kX ,C
×p) −→ DbC-(kX , π(p))
Proof. We obviously have the equivalene
2lim
−→
C×p∈U×γ
DbC-,Λ(kX , U × γ)
∼
−→ DbC-,Λ(kX ,C
×p).
We may assume by onality that (U, γ) is a suently small rened utting pair suh that
Proposition 6.1.3 holds. By Lemma 6.1.4 the funtors ΦU,γ of Proposition 6.1.3 indue a
funtor
Φ : DbC-,Λ(kX ,C
×p) −→ DbC-(kX , π(p)).
Let us show that Φ is fully faithful.
Let F,G ∈ DbC-,Λ(kX ,C
×p). Note that by Proposition 6.1.3 if H → F is an isomorphism
31
on C×p then ΦU,γ(H) → ΦU,γ(F) is an isomorphism at π(p) for suently small (U, γ).
Consider the following hain of morphisms:
Hom
Db
C-
(kX,C
×p)
(F,G) = lim−→
H→F
iso on C×p
Hom
Db(kX )
(H,G)
−→ lim−→
ΦU,γ (H)→ΦU,γ(F)
iso on pi(p)
Hom
Db(kX )
(ΦU,γ(H),ΦU,γ(G))
−→ lim−→
H′→ΦU,γ (F)
iso on pi(p)
Hom
Db(kX )
(H′,ΦU,γG) = Hom
Db
C-
(kX,pi(p))
(ΦU,γ(F),ΦU,γ(G)).
We have to hek that the omposition is an isomorphism for a suently small utting
pair (U, γ).
Consider a morphism H′ → ΦU,γ(G) and an isomorphism H
′ → ΦU,γ(F) on π(p). Then
SS(H′) = SS(ΦU,γ(F)) in π
−1(V ) for some neighborhood V of π(p) and in partiular
H′ ∈ DbC-,Λ(kX ,C
×p), hene ΦU,γ(H
′) → H′ is an isomorphism in π(p). Then H′ →
ΦU,γ(G) → G is sent to Φ(H
′) → Φ(G) whih is the same morphism in DbC-(kX , π(p)) as
H′ → ΦU,γ(G). Hene the map is surjetive.
Let us show that it is injetive. If ΦU,γ(H)→ ΦU,γ(G) is zero in D
b
C-(kX ,C
×p) then there
exists K and an isomorphism K → ΦU,γ(H) → ΦU,γ(F) on π(p) suh that K → Φ(H) →
Φ(G) is the zero morphism. Then K → Φ(H) → H → F is an isomorphism on C×p and
K→ Φ(H)→ H → G is zero hene H → G is zero in DbC-(kX ,C
×p).
Remark 6.1.6. Note that
DbC-(k ∗ )pi(p)
∼
−→ DbC-(kX , π(p)),
where DbC-(k ∗ ) denotes the prestak U 7→ D
b
C-(kU ). In partiular we get the fully faithful
funtor
DbC-,Λ(kX ,C
×p) −→ DbC-(k ∗ )pi(p).
Also reall that DbC-,Λ(kX ,C
×p) is additive (beause of the triangular inequality for the
miro-support). Hene DbC-,Λ(kX ,C
×p) is a full additive subategory of DbC-(k ∗ )pi(p).
Therefore we have shown that if we are given F ∈ DbC-(kX ,C
×p) suh that SS(F) is in
generi position at p then there exists an objet F˜ ∈ DbR-(kX) that is C-onstrutible in a
neighborhood of π(p). Moreover we an onstrut F˜ in a funtorial way.
6.2 The generi position theorem
Let us reall Kashiwara-Kawai's generi position theorem (f. [KK℄, Chapter I.6).
Proposition 6.2.1. Let p ∈ T˙ ∗X and Λ ⊂ T ∗X be an R+-oni Lagrangian subset suh
that Λ is C×-oni in a neighborhood of C×p. Then there exists a omplex ontat trans-
formation
χ : T ∗X → T ∗X,
dened in a neighborhood of C×p, suh that χ(Λ) is in generi position at q = χ(p).
Proof. Kashiwara-Kawai show this result on a neighborhood of p for loally C×-oni
Lagrangian varieties assuming only that Λ ∩ π−1π(p) = C×p in a neighborhood of p.
Hene if we suppose that Λ is C×-oni in a neighborhood of C×p, we get that χ(Λ) is in
generi position at q sine χ is C×-homogenous.
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Remark 6.2.2. Consider a miroloal omplex onstrutible sheaf F ∈ DbC-(kX ,C
×p).
By the generi position theorem and invariane under quantized ontat transformations
we an nd a ontat transformation χ : T ∗X → T ∗X dened in a neighborhood of C×p
and an equivalene of ategories
ΦC-K : D
b
C-(kX ,C
×p)
∼
−→ DbC-(kX ,C
×q)
suh that SS(ΦC-
K
(F)) = χ(SS(F)) is in generi position at q. Then ΦC-
K
(F) is funtori-
ally isomorphi in DbC-(kX ,C
×q) to an objet of DbC-( ∗ )pi(q). Hene many problems in
DbC-(kX ,C
×p) an be redued to the study of germs of omplex onstrutible sheaves in
generi position.
7 Miroloal perverse sheaves in DbR-(kX , S)
7.1 Andronikof's prestak of miroloally perverse sheaves
In this setion we will rst reall Andronikof's denition of the prestak of miroloal
perverse sheaves. In [An2℄ he suggests a deniton of a miroloal perverse sheaf on an
arbitrary subset S of T ∗X whih is based on the miroloal haraterisation of perverse
sheaves (see Proposition 7.1.1 below). However he is not very preise onerning C×-
oniity. In partiular the proof of his main tool (Proposition 3.2) is inomplete under the
given assumptions.
Hene we will reall a slightly more preise version of his prestak and we will restrit
ourselves from the beginning to C×-oni sets. Moreover we will add omplete proofs to
the statements of [An2℄ whih hold in this ase. Also while Andronikof restrits his studies
to points and C×-orbits we will work from the beginning with the entire prestak.
In [KS2℄ we nd the following miroloal haraterization of perverse sheaves.
Proposition 7.1.1. Let F ∈ DbC-c(kX). Then we have equivalene between
(P1) F is a perverse sheaf.
(P2) For every non-singular point p of SS(F) suh that the projetion π : SS(F)→ X has
onstant rank on a neighborhood of p, there exist a submanifold Y ⊂ X and an objet
M ∈ Mod(k) suh that F ≃MY [dimY ] in D
b(kX , p).
(P3) The assertion (P2) is true for some point p of any irreduible omponent of SS(F).
This naturally leads to the following
Denition 7.1.2. Let S ⊂ T˙ ∗X be a C×-oni subset.
(i) A sheaf F ∈ DbR-(kX) is alled miroloally perverse on S, if it is miroloally C-
onstrutible on S and there exists an open neighborhood U of S suh that for every
non-singular point p of SS(F) ∩ U suh that the projetion π : SS(F) → X has
onstant rank on a neighborhood of p, there exists a submanifold Y ⊂ X and an
objet M ∈Mod(k) suh that F ≃MY [dimY ] in D
b(kX , p).
(ii) We will denote by Dbperv(kX , S) the full subategory of D
b
C-(kX , S) whose objets are
perverse on S (i.e. whih may be represented by a miroloally perverse sheaf on S).
(iii) In partiular if Ω ⊂ T˙ ∗X is an open C×-oni subset, we get the ategory Dbperv(kX ,Ω).
Clearly this denes a prestak of ategories on P ∗X, denoted by Dbperv(kX , ∗ ). This
is Andronikof's prestak of miroloal perverse sheaves.
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(iv) Let Λ ⊂ T ∗X be an R+-oni Lagrangian variety that is C×-oni in a neighborhood
of C×p. Then we set
Dbperv,Λ(kX ,C
×p) = DbC-,Λ(kX ,C
×p) ∩Dbperv(kX ,C
×p).
Proposition 7.1.3. Let p ∈ T˙ ∗X. The stalk of Andronikof's prestak at γ(p) is preisely
the ategory Dbperv(kX ,C
×p).
Proof. Consider the funtor
2lim−→
C×p⊂U⊂T˙∗X
U C×-oni
Dbperv(kX , U) −→ D
b
perv(kX ,C
×p).
It is essentially surjetive by denition of Dbperv(kX ,C
×p).
The proof that it is fully faithful is analogous to Proposition 3.2.5 and Corollary 3.2.6.
Proposition 7.1.4. The duality funtor
D : DbR-(kX) −→ D
b
R-(kX ) ; F 7→ RHom(F, ωX)
indues ontravariant equivalenes of prestaks
D : DbC-(kX , ∗ ) −→ D
b
C-(kX , ∗ ),
D : Dbperv(kX , ∗ ) −→ D
b
perv(kX , ∗ ).
Proof. The rst funtor is well-dened beause SS(DF) = SS(F).
Let p ∈ SS(F) suh that F ≃ MY [dimX] in D
b(kX , p). Then DF ≃ DMY [dimY ] in
Db(kX , p) sine D is an anti-equivalene in D
b(kX , p). But DMY [dimY ] ≃ MY [dimY ].
Hene the seond funtor is well-dened.
The two funtors are equivalenes beause D2 = Id in DbR-(kX).
Andronikof's prestak is invariant by quantized ontat transformations:
Proposition 7.1.5. Let X,Y be two omplex manifolds, ΩX ⊂ T˙
∗X, ΩY ⊂ T˙
∗Y open
C×-oni subsets and
χ : ΩX
∼
−→ ΩY
a ontat transformation. Set
Λ =
{
((y; η), (x; ξ)) ∈ ΩY × Ω
a
X | (y, η) = χ(x,−ξ)
}
.
Then Λ is C×-oni. Let pX ∈ ΩX and pY = χ(pX).
There exist open neighborhoods X ′ of π(pX), Y
′
of π(pY ), C
×
-oni open neighborhoods
Ω′X of C
×pX , Ω
′
Y of C
×pY with Ω
′
X ⊂ T
∗X ′ ∩ ΩX , Ω
′
Y ⊂ T
∗Y ′ ∩ ΩY and a kernel
K ∈ DbR-(kY ′×X′) satisfying
(1) χ indues a homogenous ontat transformation Ω′X
∼
→ Ω′Y ,
(2) (
(Ω′′Y × T
∗X ′) ∪ (T ∗Y ′ × Ω′′X
a
)
)
∩ SS(K) ⊂ Λ ∩ (Ω′′Y × Ω
′′
X
a
)
for every C×-oni open subset Ω′′X ⊂ Ω
′
X and Ω
′′
Y = χ(Ω
′′
X),
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(3) the funtor ΦC-
K
indues an equivalene of prestaks
Φperv
K
: χ∗D
b
perv(kX′ , ∗ )|Ω′X −→ D
b
perv(kY ′ , ∗ )|Ω′Y .
(4) SS(Φperv
K
(F)) ∩Ω′′Y = χ(SS(F) ∩Ω
′′
X)
(5) χ∗µhom(F,G)|Ω′X ≃ µhom(Φ
perv
K
(F),Φperv
K
(G))|Ω′Y .
Proof. It is enough to show the proposition in the ase in whih Λ is the onormal bundle
to a smooth hypersurfae S and we an hoose K ≃ kS . Then the fat that Φ
C-
K
preserves
miroloal perverse sheaves follows from Proposition 7.4.6 of [KS1℄.
7.2 The abelian ategory Dbperv(kX ,C
×p)
In general, one does not know muh about the ategory Dbperv(kX , S) even if S is C
×
-
oni. In [An2℄, it is announed that if p ∈ T˙ ∗X, then Dbperv(X, p) and D
b
perv(X,C
×p) are
abelian. While we do not know if this is true for Dbperv(X, p), we will give a proof here for
the ategory Dbperv(X,C
×p). The main tools for the proof have been developped in Setion
6.
We will x a point p ∈ T˙ ∗X and an R+-oni Lagrangian subvariety Λ whih is C×-
oni in a neighborhood of C×p.
Proposition 7.2.1. Suppose that Λ is in generi position at p. Then the funtor Φ of
Theorem 6.1.5 indues a ommutative diagram of fully faithful funtors
DbC-,Λ(kX ,C
×p)
Φ // DbC-(kX)pi(p)
Dbperv,Λ(kX ,C
×p) //
OO
Perv(X)pi(p).
OO
Proof. It is suent to prove that if F ∈ Dbperv(kX ,C
×p) then Φ(F) is perverse in a
neighborhood of π(p). Sine we have
SS(Φ(F)) ∩ π˙−1(V ) = SS(F) ∩ (V × γ)
for some small neighborhood V × γ of C×p, we get the result by the haraterization of
perverse sheaves (f. Proposition 7.1.1).
Also note that Dbperv,Λ(kX ,C
×p) is additive. Hene Dbperv,Λ(kX ,C
×p) is a full additive
subategory of Perv(X)pi(p). In order to prove that it is atually a full abelian subategory,
we will need two lemmas:
Lemma 7.2.2. Let ϕ : F → G be a morphism of perverse sheaves suh that SS(F)∪SS(G) ⊂
Λ in a neighborhood of p. Then SS(ker(ϕ)) ∪ SS(coker(ϕ)) ⊂ Λ in a neighborhood at p.
Proof. Reall ([KS1℄, Exerise X.6) that the miro-support of a C-onstrutible sheaf F ∈
DbC-(kX) an be alulated as
SS(F) =
⋃
i∈Z
pHi(F)
where
pHi(F) denotes the ith perverse ohomology sheaf of F.
Let ϕ : F → G be a morphism of perverse sheaves. We embed it into a distinguished
triangle
F // G // H
+ //
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Then we onsider the anonial distinguished triangle
pτ6−1(H) // H // pτ>0(H)
+ //
where
pτ6−1, pτ>0 denote the perverse trunation funtors. Then pτ6−1(H)[−1] is the
kernel and
pτ>0(H) is the okernel of ϕ. Therefore
SS(kerϕ) ∪ SS(cokerϕ) = SS(H) ⊂ SS(F) ∪ SS(G).
Lemma 7.2.3. Let Λ be in generi position at p.
Consider a morphism F → G of Dbperv,Λ(kX ,C
×p). Let Φ(F) → Φ(G) be the orresponing
morphism in Pervpi(p) and L → Φ(F) a kernel (resp. Φ(G) → L
′
a okernel) in Pervpi(p).
Then Φ(L)→ L (resp. Φ(L′)→ L′) is an isomorphism in Pervpi(p).
Proof. The proof follows the same idea as the proof of Lemma 6.1.4.
Fix U, γ suh that Φ(F) ≃ ΦU,γ(F), Φ(G) ≃ ΦU,γ(G) and Φ(L) ≃ ΦU,γ(L). Embed
ΦU,γ(L)→ L in a distinguished triangle
ΦU,γ(L) // L // H
+ //
Then there is an open neighborhood V ⊂ U of π(p) suh that
SS(ΦU,γ(L)) ∩ π˙
−1(V ) = SS(L) ∩ V × γ.
Moreover, by Lemma 7.2.2, we have
SS(L) ∩ π˙−1(V ) ⊂ SS(ΦU,γ(F)) ∪ SS(ΦU,γ(G)) ∩ π˙
−1(V ) ⊂ Λ ∩ V × γ.
Hene if V is suently small we get
SS(L) ∩ π˙−1(V ) ⊂ Λ ∩ V × γ.
Sine ΦU,γ(L) → L is an isomorphism on U × γ we get that SS(H) ∩ V × γ = ∅ and
therefore SS(H) ⊂ T ∗XX on V . Then
SS(H) ∩ V ⊂ (SS(L) ∪ SS(ΦU,γ(L))) ∩ V ⊂ π(Λ) ∩ V.
Sine Λ is in generi position, loally at π(p) the set π(Λ) is a losed hypersurfae. Therefore
the involutivity of the miro-support implies that H ≃ 0 in a neighborhood of π(p).
The proof for the okernel is similar.
Proposition 7.2.4. The additive ategory Dbperv,Λ(kX ,C
×p) is equivalent to an abelian
subategory of Pervpi(p).
Proof. By Lemma 7.2.3 the full additive subategory Dbperv,Λ(kX ,C
×p) is stable by kernels
and okernels. Sine it is a full subategory, it is abelian.
Lemma 7.2.5. Let Λ be a C×-oni Lagrangian variety (we do not ask Λ to be in generi
position at p). Then Dbperv,Λ(kX ,C
×p) is abelian.
Moreover if Λ′ is another C×-oni Lagrangian variety with Λ ⊂ Λ′, then the natural
funtor
Dbperv,Λ(kX ,C
×p) −→ Dbperv,Λ′(kX ,C
×p)
is exat.
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Proof. Consider Λ ⊂ Λ′. Let χ be a anonial transformation suh that χ(Λ′) is in generi
position at q = χ(p). Then χ(Λ) is also at generi position at q and we get a diagram
Dbperv,Λ(kX ,C
×p)
∼ //
α

Dbperv,χ(Λ)(kX ,C
×q)
β

// Perv(X)pi(q)
=

Dbperv,Λ′(kX ,C
×p)
∼ // Dbperv,χ(Λ′)(kX ,C
×q) // Perv(X)pi(q).
This diagram is ommutative up to isomorphism. The horizontal funtors are exat and
fully faithful. By Proposition 7.2.4 the ategories Dbperv,χ(Λ)(kX ,C
×q) and Dbperv,χ(Λ′)(kX ,C
×q)
are abelian subategories of Perv(X)pi(q). Hene β (and therefore α) is exat.
Proposition 7.2.6. The ategory Dbperv(kX ,C
×p) is abelian. Moreover, for every germ of
a C×-oni Lagrangian variety Λ ⊂ T ∗X dened in a neighborhood of C×p, the inlusion
funtor
Dbperv,Λ(kX ,C
×p) −→ Dbperv(kX ,C
×p)
is exat.
Proof. We have
2lim−→
Λ⊃C×p
Dbperv,Λ(kX ,C
×p)
∼
−→ Dbperv(kX ,C
×p).
Filtered 2-olimits of abelian ategories with exat restrition funtors are abelian.
Now let us prove the following lifting property for kernels and okernels of miroloal
perverse sheaves:
Proposition 7.2.7. Let ϕ : F → G be a morphism in Dbperv(kX ,C
×p). Then there exists a
neighborhood V of C×p, objets K,K′ ∈ Dbperv(kX , V ) and morphisms K → F, G → K
′
in
Dbperv(kX , V ) suh that these morphisms indue kernel and okernel of ϕ in D
b
perv(kX ,C
×q)
for all q ∈ V .
Proof. Choose a Lagrangian variety Λ suh that SS(F) ∪ SS(G) ⊂ Λ in a neighborhood of
C×p.
By the generi position theorem, we an nd a ontat transformation dened in a C×-oni
open neighborhood of C×p
χ : (T ∗X,C×p) −→ (T ∗X,C×p′)
suh that χ(Λ) is in generi position at p′. Then χ(Λ) is isomorphi to the onormal
bundle to a losed hypersurfae in a neighborhood of C×p′. In partiular, there exists a
C×-oni open neighborhood V ′ of χ(Λ) suh that χ(Λ) is in generi position at any point
of χ(Λ) ∩ V ′.
By Proposition 7.1.5, we an assume that Λ is in generi position at any point in a C×-
oni neighborhood Ω of C×p.
Consider the funtor
Φ : Dbperv,Λ(kX ,C
×p) −→ Pervpi(p) .
Choose (U, γ) suh that the morphism Φ(F) → Φ(G) is dened as ΦU,γ(F) → ΦU,γ(G) in
Perv(V ) for some small neighborhood V of π(p). Let L → ΦU,γ(F) (resp. ΦU,γ(G) → L
′)
be a kernel (resp. a okernel) in Perv(V ). Choose a C×-oni open neighborhood of C×p
suh that Ω′ ⊂ Ω ∩ V × γ. We will show that L → ΦU,γ(F) (resp. ΦU,γ(G) → L
′) is a
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kernel (resp. a okernel) in Dbperv,Λ(kX ,C
×q) for all q in Ω′.
We have distinguished triangles in Db(kX)
ΦU,γ(F) // ΦU,γ(G) // H
+ //
and
L[1] // H // L′
+ //
where L is the kernel (resp. L′ the okernel) of ΦU,γ(F)→ ΦU,γ(G) in Perv(V ). Now let q
be a point of Λ ∩ Ω′. Sine Λ is in generi position at q we get the funtor
Φq : Dbperv,Λ(kX ,C
×q) −→ Pervpi(q) .
Applying Φq to the two triangles, we get disinguished triangles
ΦqΦU,γ(F) // Φ
qΦU,γ(G) // Φq(H)
+ //
and
ΦqL[1] // ΦqH // ΦqL′
+ //
Sine Φq(L) and Φq(L′) are perverse in a neighborhood of π(q) we get (by onstrution of
kernels (resp. okernels) in Pervpi(q)) that Φ
q(L)→ ΦqΦU,γ(F) (resp. Φ
qΦU,γ(G)→ Φ
q(L′))
is a kernel (resp. okernel) in Dbperv,Λ(kX ,C
×q). Finally sine Φq is a ut-o funtor we
have Φq(L) ≃ L in Dbperv,Λ(kX ,C
×q).
Theorem 7.2.8. The stak assoiated to Andronikof's prestak of miroloal perverse
sheaves is abelian.
Proof. We have shown that the stalks of this additive prestak are abelian ategories
(Proposition 7.2.6). Further we have shown that kernels and okernels in the stalks may
be lifted to small open neighborhoods (Proposition 7.2.7). Therefore the onditions of
Proposition 2.3.1 are satised and the stak of miroloal perverse sheaves is abelian.
8 Miroloal perverse sheaves on P ∗X
8.1 The stak of miroloal perverse sheaves
We are now ready to give a rst denition of the stak of miroloal perverse sheaves.
Denition 8.1.1. The stak of miroloal perverse sheaves on P ∗X is the stak assoiated
to Andronikof's prestak.
By Theorem 7.2.8 we know that the stak of miroloal perverse sheaves is abelian.
Furthermore sine the underlying prestak is invariant by quantized ontat transforma-
tions (by Proposition 7.1.5) we easily get that the stak of miroloal perverse sheaves is
invariant by quantized ontat transformations.
We will now give an expliit desription of miroloal perverse sheaves in terms of ind-
sheaves. For this purpose we will onstrut a subprestak
µPerv ⊂ γ∗(D
b(I(k∗))|T˙ ∗X).
Here, γ∗(D
b(I(k∗))|T˙ ∗X) is the prestak of bounded derived ategories of ind-sheaves on
C×-oni open subsets of T˙ ∗X. Then we will show that µPerv is atually a stak and
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onstrut a morphism µ : Dbperv(kX , ∗) → µPerv and prove that it indues equivalenes
in the stalks. Hene µPerv an be identied to the stak assoiated to Dbperv(kX , ∗). In
partiular it is an abelian stak. Then we will be able to dene the miroloal Riemann-
Hilbert funtors using the theory of ind-sheaves.
First note that the funtor µ indues a funtor of prestaks
µ : Dbperv(kX , ∗ ) −→ γ∗D
b(I(k ∗ )) (8.1.1)
where we onsider Db(I(k ∗ )) as a prestak on T˙
∗X.
Denition 8.1.2. Let Ω ⊂ P ∗X be an open subset.
(1) An objet F ∈ Db(I(kγ−1Ω)) is miroloally perverse (on Ω) if it is loally in the image
of the funtor (8.1.1), i.e. if for all p ∈ γ−1(Ω) there exists a C×-oni neighborhood
V ⊃ C×p and an objet G ∈ Dbperv(kX , V ) suh that µG|V ≃ F|V .
(2) We denote by µPerv(Ω) the full subategory of Db(I(kγ−1Ω)) whose objets are mi-
roloally perverse.
Remark 8.1.3. The funtor (8.1.1) indues a funtor in the stalks
µ : Dbperv(kX ,C
×p) −→ γ∗D
b(I(k ∗ ))γ(p)
and the denition of a miroloal perverse sheaf is learly equivalent to
(1') An objet F ∈ Db(I(kγ−1Ω)) is miroloally perverse (on Ω) if for all p ∈ γ
−1(Ω)
there exists an objet G ∈ Dbperv(kX ,C
×p) suh that µG ≃ F in γ∗D
b(I(k ∗ ))γ(p).
Here, one shall keep in mind that the natural funtor
γ∗D
b(I(k∗))γ(p) −→ D
b(I(kC×p))
is not fully faithful. Therefore germs of miroloal perverse sheaves should not be inter-
preted as omplexes of ind-sheaves on C×p.
Remark 8.1.4. Note that it is possible (but less obvious) to dene the funtor
µ : Dbperv(kX ,C
×p) −→ γ∗D
b(I(k ∗ ))γ(p)
diretly without using the prestak Dbperv(kX , ∗ ). Hene, we see by denition (1') that in
order to dene miroloal perverse sheaves, it is not neessary to onstrut the ategories
Dbperv(kX , S) for any C
×
-oni subset S ⊂ T ∗X but only the ategories Dbperv(kX ,C
×p) for
any p ∈ T˙ ∗X. Reall that the ategories DbR-(kX ,C
×p) an be identied with the full sub-
ategory of Db(kX ,C
×p) whose objets may be represented by R-onstrutible sheaves.
Hene the onstrution of miroloal perverse sheaves is independent of the oneptual
question of the orret denition of the miroloalization of R-onstrutible sheaves (f.
Setion 4).
However, the prestak Dbperv(kX , ∗ ) an sometimes be useful to dene funtors on mirolo-
al perverse sheaves and therefore we deided to inlude it in our presentation.
Clearly µPerv(Ω) is an additive subategory of Db(I(kγ−1(Ω))), and the orrespondane
P ∗X ⊃ Ω 7→ µPerv(Ω)
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denes an additive prestak on P ∗X. Hene µPerv is a full additive subprestak of
γ∗D
b(I(k∗)), and we an see diretly from the onstrution that it is dened by a lo-
al property. Moreover, by denition, for any open subset Ω ⊂ P ∗X the funtor µ indues
a natural funtor
Dbperv(kX , γ
−1(Ω)) −→ µPerv(Ω).
These funtors dene a funtor of prestaks
µ : Dbperv(kX , ∗ ) −→ µPerv. (8.1.2)
We want to show that the funtor (8.1.2) indues equivalenes of ategories in the stalks.
Let p ∈ T˙ ∗X. The denition of µPerv immediately implies that
µ : Dbperv(kX ,C
×p) −→ µPervγ(p)
is essentially surjetive. In order to prove that it is an equivalene of ategories, we rst
have to alulate the morphisms in µPervγ(p).
Proposition 8.1.5.
(i) Let F,G ∈ µPerv(Ω) and p ∈ γ−1(Ω). Let F˜ and G˜ be two objets of Dbperv(kX ,C
×p)
suh that µF˜ ≃ F and µG˜ ≃ G in µPervγ(p). Then we have
Hom
µPervγ(p)
(F,G) ≃ H0(C×p, µhom
(
F˜, G˜)
)
.
(ii) Let F,G ∈ Dbperv(kX ,C
×p). Then
Hom
µPerv
γ(p)
(µF, µG) ≃ Hom
Dbperv(kX,C
×p)
(F,G).
(iii) The funtor µ indues a anonial equivalene of ategories
Dbperv(kX ,C
×p)
∼
−→ µPervγ(p).
Proof. Note that the funtor of (iii) is obviously essentially suejetive. Hene (iii) follows
from (ii). Moreover (ii) follows from (i) and Proposition 3.4.4.
Let us prove (i). We have
Hom
µPervγ(p)
(F,G) ≃ lim−→
γ(p)∈V ⊂P ∗X
HomDb(I(k
γ−1(V )))
(F|
γ−1(V )
,G|
γ−1(V )
)
≃ lim−→
γ(p)∈V ⊂P ∗X
HomDb(I(k
γ−1(V )))
(µF˜|
γ−1(V )
, µG˜|
γ−1(V )
)
≃ lim
−→
γ(p)∈V ⊂P ∗X
H0
(
V,RHom(µF˜, µG˜)
)
≃ lim
−→
γ(p)∈V ⊂P ∗X
H0Γ(V, µhom(F˜, G˜))
≃ H0
(
C×p, µhom(F˜, G˜)
)
.
Proposition 8.1.5 implies that if µPerv is a stak then it is equivalent to the stak
assoiated to Dbperv(kX , ∗ ). In order to prove that µPerv is a stak we will apply the
general results of Setion 2.
Let us reall the following well-known proposition with proof.
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Proposition 8.1.6. Let F,G be two perverse sheaves on X. Then µhom(F,G)[dX ] is a
perverse sheaf. In partiular it is onentrated in positive degrees.
Proof. Aording to [KS1℄, Corollary 10.3.20, µhom(F,G)[dX ] is a perverse sheaf on T
∗X.
Hene for any omplex analyti subset S of T ∗X we have
Hj+dXS (µhom(F,G))|S ≃ 0
if j < − dimS. Now reall that
supp(µhom(F,G)) ⊂ SS(F) ∪ SS(G).
Sine F,G are perverse sheaves their miro-supports are Lagrangian subsets of T ∗X, hene
are of dimension dX . Therefore
Hj(µhom(F,G)) ≃ 0
for j < 0.
Proposition 8.1.7. The prestak µPerv of miroloal perverse sheaves is separated.
Proof. Let F,G be two miroloal perverse sheaves of µPerv(Ω). Reall that F,G ∈
Db(I(kγ−1(Ω))) and that we have by denition
HomµPerv(F,G) ≃ γ∗HomDb(I(k ∗ ))(F,G).
Hene it is suent to prove that HomDb(I(k ∗ ))(F,G) is a sheaf.
We will rst show that the omplex RHom(F,G) is onentrated in positive degrees. This
is a loal question, hene we may assume that F ≃ µF˜, G ≃ µG˜ for two objets F˜, G˜ of
Dbperv(kX , γ
−1(Ω)). Sine
RHom(µ(F˜), µ(G˜)) ≃ µhom(F˜, G˜)
we are redued to study µhom(F˜, G˜)p for any p ∈ γ
−1(Ω). By invariane of quantized
ontat transformation (f. Theorem 7.1.5) we may assume that F˜ and G˜ are perverse
sheaves on a neighborhood of π(p). Hene µhom(F˜, G˜)p is onentrated in positive degrees
by the last proposition.
Therefore RHom(F,G) is onentrated in positive degrees. Then HomDb(I(k ∗ ))(F,G) is a
sheaf sine
HomDb(I(k ∗ ))(F,G)(V ) ≃ H
0(V,RHom(F,G)) ≃ Γ(V,H0RHom(F,G)).
Theorem 8.1.8. The prestak µPerv on P ∗X is an abelian stak. Moreover the funtor
µ indues an equivalene of abelian staks
Dbperv(kX , ∗ )
‡ ∼−→ µPerv,
where Dbperv(kX , ∗ )
‡
denotes the stak assoiated to Dbperv(kX , ∗ ).
Proof. Sine miroloal perverse sheaves form a separated subprestak of the prestak of
ind-sheaves and are obviously dened by a loal property, they form a stak.
Moreover, Proposition (8.1.5) states that the funtor of prestaks
µ : Dbperv(kX , ∗ ) −→ µPerv
indues equivalenes of ategories in the stalks. Hene µ identies µPerv with the stak
assoiated to Dbperv(kX , ∗ ).
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8.2 Autoduality
Proposition 8.2.1. Let F,G ∈ µPerv(Ω). Then
RHom(F,G)[dX ]
is a perverse sheaf on γ−1(Ω).
Proof. Loally we an nd F˜,G˜ ∈ DbR-(kX ) suh that
RHom(F,G) ≃ µhom(F˜, G˜)
By invariane of quantized ontat transformations we may assume that F˜, G˜ are perverse
sheaves. Then the result follows fromthe fat that µhom(F˜, G˜)[dX ] is a perverse sheaf.
Proposition 8.2.2. There is a ontravariant funtor
D : µPerv −→ µPerv
suh that
(i) D ◦D ≃ Id.
(ii) RHom(F,G) ≃ RHom(DG,DF).
(iii) If F ∈ µPerv(Ω) is isomorphi to µF˜ and F˜ ∈ Dbperv(kX , γ
−1(Ω)) then we have a
natural isomorphism DF ≃ µRHom(F, ωX ).
(iv) The stak µPerv is autodual, i.e. it is equivalent to its opposite stak.
Proof. Reall that the funtor D = RHom( . , ωX ) indues a ontravariant equivalene of
prestaks
D : Dbperv(kX , ∗ ) −→ D
b
perv(kX , ∗ ).
Hene we get a ontravariant equivalene D on the stak assoiated to Dbperv(kX , ∗ ) whih
satises by denition (i) and (iii).
Let F,G ∈ µPerv(Ω). It is enough to prove (ii) loally. Hene we may assume that there
are objets F˜, G˜ ∈ Dbperv(kX , γ
−1Ω) suh that µF˜ ≃ F and µG˜ ≃ G. Reall (f. Exerise
IV.4 of [KS1℄) that on γ−1Ω we have
µhom(F˜, G˜) ≃ µhom(D G˜,D F˜).
Then on γ−1Ω we get
RHom(µF˜, µG˜) ≃ µhom(F˜, G˜) ≃ µhom(D G˜,D F˜) ≃ RHom(µD G˜, µD F˜) ≃ RHom(DG,DF).
8.3 Integral transforms for miroloal perverse sheaves
Let p ∈ ΩX ⊂ T
∗X, q ∈ ΩY ⊂ T
∗Y where ΩX ,ΩY are C
×
-oni open subsets. Suppose
that we are given a ontat transformation
χ : ΩX
∼
−→ ΩY
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suh that χ(p) = q. We have seen in Setion 6 that after shrinking ΩX and ΩY , we an
establish an equivalene of prestaks
Φperv
K
: χ∗D
b
perv(kX , ∗ )|ΩX
∼
−→ Dbperv(Y, ∗ )|ΩY .
Hene we get an equivalene of the assoiated staks of miroloal perverse sheaves:
χ∗µPerv
X |γ(ΩX)
∼
−→ µPervY |γ(ΩY ) (8.3.1)
together with a ommutative diagram
χ∗D
b
perv(kX , ∗ )|ΩX
Φperv
K
∼
//

Dbperv(Y, ∗ )|ΩY

χ∗µPerv
X |γ(ΩX )
// µPervY |γ(ΩY )
The existene of this diagram is suent for many appliations. However, in Setion 9, we
need to know that the equivalene (8.3.1) is given by integral transform with the kernel
µK.
Let us x some notations rst. We will rst onsider real manifoldsX,Y,Z and the diagram
X × Y × Z
q12
wwppp
pp
pp
pp
pp
q13

q23
''NN
NN
NN
NN
NN
N
X × Y X × Z Y × Z.
Composition (or integral transforms) will be onsidered in its ind-version. For F ∈
Db(I(kX×Y )) and G ∈ D
b(I(kY ×Z)) we set
F ◦ G = Rq13!!(q
−1
12 F ⊗ q
−1
23 G),
even if F,G are atually omplexes of lassial sheaves. In this ase α(F ◦ G) gives the
lassial omposition. Note that there is always a natural morphism
F ◦ G −→ α(F ◦ G).
Furthermore, we will onsider a variant. Consider
qa12 : T
∗X × T ∗Y × T ∗Z → T ∗X × T ∗Y ;
(
(x; ξ), (y; η), (z; ζ)
)
7→
(
(x; ξ), (y, η)
)
.
Then set for F ∈ Db(I(kT ∗X×T ∗Y )) and G ∈ D
b(I(kT ∗Y×T ∗Z))
F
a
◦ G = Rq13!!(q
a−1
12 F ⊗ q
−1
23 G).
Note that the operation
a
◦ is assoiative up to natural isomorphism.
Reall that the stak µPerv is embedded into the prestak γ∗D
b(I(k ∗ )).
Hene, for any kernel K ∈ Db(kY×X) the funtor
ΦaµK = µK
a
◦ : γ∗D
b(I(k ∗ ))|ΩX −→ γ∗D
b(I(k ∗ ))|ΩY
is well dened. Our interest in this setion is to nd kernels K suh that this funtor
preserves the subprestak µPerv. For this purpose, we may use the fat that miroloal
perverse sheaves are dened by a loal property. Hene, if F ∈ µPervX then ΦaµK(F) ∈
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µPervY if and only it is miroloally perverse on C×p for every p ∈ T˙ ∗Y .
Take an objet F ∈ µPervX . Loally F ≃ µF˜ for some objet F˜ ∈ Dbperv(kX ,C
×p). Hene
loally
µK
a
◦ F ≃ µK
a
◦ µF˜.
Sine K ◦ F˜ ∈ Dbperv(Y,C
×q), if we know that there is an isomorphism
µK
a
◦ µF˜ ≃ µ(K ◦ F˜) (8.3.2)
in a neighborhood of C×q then we have shown that the objet µK
a
◦ F lies in µPervY .
Kashiwara's omposition formula states that the morphism (8.3.2) exists and gives a ri-
terion for it to be an isomorphism. Hene it allows us to a ertain extent to translate
results from the miroloal study of sheaves from [KS1℄ to the study of ind-sheaves and in
partiular to miroloal perverse sheaves. Let us reall Kashiwara's theorem.
Theorem 8.3.1 (Miroloal omposition of kernels).
Let K1 ∈ D
b(I(kX×Y )) and K2 ∈ D
b(I(kY×Z)).
(1) There is a natural morphism
µX×YK1
a
◦ µY×ZK2 −→ µX×Z(K1 ◦K2). (8.3.3)
(2) Assume the non-harateristi ondition
9
SS0(K1)
a
×
T ∗Y
SS0(K2) ∩ (T
∗
XX × T
∗Y × T ∗ZZ) ⊂ T
∗
XX × T
∗
Y Y × T
∗
ZZ,
then the morphism
KX×Z ◦
(
µX×YK1
a
◦ µY×ZK2
)
−→ µX×Z(K1 ◦K2)
is an isomorphism and
µX×YK1
a
◦ µY×ZK2 −→ µX×Z(K1 ◦K2)
is an isomorphism outside p13
(
SS0(K1)
a
×
T ∗Y
SS0(K2) ∩ T ∗X × T ∗Y Y × T
∗Z
)
.
Remark 8.3.2. The ideal situation to apply Kashiwara's theorem is given by ondition
(1) or (2) below.
(1) (T ∗XX × T
∗Y ∪ T ∗X × T ∗Y Y ) ∩ SS(K1) ⊂ T
∗
XX × T
∗
Y Y,
(2) (T ∗Y Y × T
∗Z ∪ T ∗Y × T ∗ZZ) ∩ SS(K2) ⊂ T
∗
Y Y × T
∗
ZZ.
Then the natural morphism (8.3.3) is an isomorphism outside the zero setion.
In partiular, let F ∈ Db(I(kX)) and onsider K suh that
SS(K) ∩
(
T ∗Y Y × T
∗X ∪ T ∗Y ∪ T ∗XX
)
⊂ T ∗Y Y × T
∗
XX
Then the morphism (8.3.3)
µ(K)
a
◦ µF −→ µ(K ◦ F)
is an isomophism outside the zero setion. For instane we get the following lemma.
9
For two sets S1 ⊂ T
∗X × T ∗Y and S2 ⊂ T
∗Y × T ∗Z we denote by S1
a
×
T∗Y
S2 the artesian produt of
qa2 |S1 : S1 → T
∗Y and q1|S2 : S2 → T
∗Y , hene
S1
a
×
T∗Y
S2 =
{
((x; ξx), (y; ξY ), (z; ξZ) ∈ T
∗X×T ∗Y ×T ∗Z | ((x; ξx), (y; ξY )) ∈ S1 ((y;−ξY ), (z; ξZ)) ∈ S2
}
.
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Lemma 8.3.3. Let F ∈ Db(I(kX)). The morphism
µ(k∆)
a
◦ µF −→ µ(k∆ ◦ F) ≃ µF
is an isomophism outside the zero setion.
We will mostly be interested in the following more general situation:
Denition 8.3.4. Let us denote by N˜(Y,X,ΩY ,ΩX) the full subategory of D
b(kY×X ,ΩY ×
T ∗X) suh that
(i) SS(K) ∩ (ΩY × T
∗X ∪ T ∗Y × ΩaX) ⊂ ΩY × Ω
a
X
(ii) p1 : SS(K) ∩ ΩY × T
∗X → ΩY is proper.
Note that N˜(Y,X,ΩY ,ΩX) ⊂ N(Y,X,ΩY ,ΩX)
10
and that the kernels produed in
Theorem 5.0.2 are objets of N˜(Y,X,ΩY ,ΩX). We get
Proposition 8.3.5. Suppose that ΩX ∩ T
∗
XX = ∅ and ΩY ∩ T
∗
Y Y = ∅.
Let K ∈ N˜(Y,X,ΩY ,ΩX) and F ∈ D
b(kX) suh that SS(F)∩ T˙
∗X ⊂ ΩX . Then the natural
morphism
µK
a
◦ µF −→ µ(K ◦ F)
is an isomorphism on ΩY .
Proof. We have by hypothesis
SS(K) ∩ (T ∗Y × SS(F)a) ⊂ (SS(K) ∩ T ∗Y × ΩaX) ∪ (SS(K) ∩ T
∗Y × T ∗XX)
⊂ ΩY × Ω
a
X ∪ T
∗Y × T ∗XX.
Interseting both sides with T ∗Y Y × T
∗X we get
SS(K) ∩ (T ∗Y × SS(F)a) ∩ (T ∗Y Y × T
∗X) ⊂ T ∗XX × T
∗
Y Y.
Hene the non-haratersti ondition is satised.
Moreover by assumption SS(K) ∩ (ΩY × T
∗X) ⊂ ΩY × Ω
a
X , hene
SS(K) ∩ (T ∗Y × SS(F)a) ∩ ΩY × T
∗
XX = ∅
and
SS(K) ∩ (T ∗Y × SS(F)a) ∩ T ∗Y × T ∗XX ⊂ ∁ΩY × T
∗
XX
Therefore the morphism is an isomorphism outside ∁ΩY , hene on ΩY .
Lemma 8.3.6. Consider K ∈ N(Y,X,ΩY ,ΩX) and F ∈ D
b(kX). Then we have a hain
of natural isomorphisms:
(µK)|ΩY ×ΩaX
a
◦ (µF)|ΩX ≃ (µK)
(1,a)|ΩY ×ΩX ◦ (µF)|ΩX ≃
(
µK
a
◦ µF
)
|ΩY .
Proof. We will show that the three terms are isomorphi to
(µK)|ΩY ×T ∗X
a
◦ F.
For the right hand side this is trivial.
For the two terms on the left hand side denote by j : ΩY × Ω
a
X →֒ ΩY ×X the inlusion
map. Then we have
(µK)|ΩY ×T ∗X ≃ Rj!!j
−1µK|ΩY ×T ∗X
by the hypothesis on SS(K) = supp(µK) and the result follows easily.
10
The ategory N(Y,X,ΩY ,ΩX) has been realled at the beginning of Setion 5.1.
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Remark 8.3.7. Let K ∈ N˜(Y,X,ΩY ,ΩX). Consider the morphism
(µK
a
◦ µF)|ΩY −→ µ(K ◦ F)|ΩY −→ µ(α(K ◦ F))|ΩY (8.3.4)
The term on the right only depends on the image of F in Db(kX ,ΩX). By the last lemma,
the same result holds for the term on the left side
11
. In the following we will be interested
in situations when the omposition (8.3.4) is an isomorphism.
Hene, in the situation of Proposition 8.3.5, we may replae F by any objet isomorphi
to F in Db(kX ,ΩX). However, in general, it is not possible to nd an objet F
′
isomorphi
to F in Db(kX ,ΩX) suh that SS(F
′) ⊂ ΩX . Therefore we will have to assume a stability
ondition on K and the existene of a suitable ut-o funtor.
Proposition 8.3.8. Let X,Y be ane and K ∈ N˜(Y,X,ΩY ,ΩX).
Let δ ⊂ X∗ be an open one and U ⊂ X be a relatively ompat open set suh that
(U × δ) ∩ T˙ ∗X ⊂ ΩX .
Set Ω′X = U × δ and suppose that there exists an open subset Ω
′
Y ⊂ ΩY suh that K ∈
N˜(Y,X,Ω′Y ,Ω
′
X).
Then the natural morphism (8.3.4)
µK
a
◦ µF −→ µ(α(K ◦ F))
is an isomorphism on Ω′Y .
Proof. There is a ut-o funtor ΦU,δ suh that SS(ΦU,δ(F)) ⊂ U × δ and ΦU,δ(F)→ F is
an ismorphism in Db(kX , U × δ).
Then the morphism
µK
a
◦ µ(ΦU,δ(F)) −→ µ(K ◦ΦU,δ(F))
is an isomorphism on Ω′Y . Moreover supp(ΦU,γ(F)) ⊂ U whih is ompat. Hene K ◦
ΦU,γ(F)→ α(K ◦ ΦU,γ(F)) is an isomorphism. Therefore
µK
a
◦ µ(ΦU,δ(F)) −→ µ(α(K ◦ ΦU,δ(F)))
is an isomorphism on Ω′Y and is isomorphi to
µK
a
◦ µF −→ µ(α(K ◦ F)).
Summarizing the situation, we have the following diagram:
Db(kX ,ΩX)
µ //
ΦK

Db(I(kΩX ))
µ(K)|ΩY ×Ω
a
X
a
◦

s{ ooo
oo
o
oo
oo
oo
Db(kY ,ΩY ) µ
// Db(I(kΩY ))
where the diagonal arrow indiates that the diagram is not ommutative, but there is a
natural transformation whih for any F ∈ Db(kX ,ΩX) is indued by
µ(K)
a
◦ µ(F) −→ µ(K ◦ F) −→ µ(ΦK(F)).
11
The assumptions on K might imply that the seond morphism of the omposition is an isomorphism,
but I annot prove it.
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It is an isomorphism under suitable onditions on K. In partiular, onsider the situation
of Theorem 5.0.2, we get a diagram of funtors of prestaks
χ∗D
b(kX , ∗)|ΩX
µ //
ΦK

Db(I(k ∗ ))|ΩX
µK
a
◦

rz mmmm
mm
m
mm
mm
mmm
Db(kY , ∗)|ΩY
µ // Db(I(k ∗ ))|ΩY
that ommutes on small open sets of χ(U ×γ)12 . In partiular the diagram ommutes (up
to natural isomorphism) in the stalks.
Now let us onsider the omplex ontat transformations and plae ourselves in the C×-
oni situation of Theorem 5.2.1. Hene all manifolds are omplex, the open sets C×-oni,
and the kernel K is has R-onstrutible ohomology sheaves. We get a diagram of funtors
of prestaks
γ∗D
b(kX , ∗)|ΩX
µ //
ΦK

γ∗D
b(I(k ∗ ))|ΩX
µK
a
◦

γ∗D
b(kY , ∗)|ΩY
µ // γ∗D
b(I(k ∗ ))|ΩY
that ommutes up to natural isomorphism in the stalks. Hene let us look at this diagram
in the stalks, restrit to miroloal perverse sheaves and immediately get that for p ∈ ΩX
and q = χ(p) ∈ ΩY the diagram
Dbperv(kX ,C
×p)
µ //
ΦK

µPervγ(p)
µK
a
◦

Db(kY ,C
×q)
µ // Db(I(k∗))γ(q)
(8.3.5)
is well dened and ommutes up to natural isomorphism.
Theorem 8.3.9. The funtor of prestaks
µK
a
◦ : γ∗D
b(I(k ∗ ))|γ(ΩX ) −→ γ∗D
b(I(k ∗ ))|γ(ΩY )
indues an equivalene of staks
µPervX |γ(ΩX)
∼
−→ µPervY |γ(ΩY )
suh that the diagram
Dbperv(kX , ∗)|ΩX
µ //
ΦK

µPervX |ΩX
µK
a
◦

Db(kY , ∗)|ΩY
µ // µPervY |ΩY
ommutes up to natural isomorphism and indues in the stalks the following diagram:
Dbperv(kX ,C
×p)
µ //
Φperv
K

µPervX
γ(p)
µK
a
◦

Dbperv(kY ,C
×q)
µ // µPervY
γ(q).
12
To apply Proposition 8.3.8, we atually have to onsider an R+-homogenous variant of Theorem 5.0.2
where we replae the open sets by R+-oni open sets. The theorem still holds sine there is atually
no dierene between Db(kX , S) and D
b(kX ,R
+S) by the R+-oniity of the miro-support. Hene the
diagram should be onsidered on the sphere bundle rather then on T˙ ∗X.
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Proof. Consider the diagram (8.3.5). Let F ∈ Dbperv(kX ,C
×p). Reall that for a suently
small relatively ompat open neighborhood V of π(p) the objet K ◦ FV is a well-dened
objet of Dbperv(kY ,C
×q) and isomorphi to K◦F in Db(kY ,C
×q). Sine Dbperv(kY ,C
×q) is
a full subategory of Db(kY ,C
×q), we get that µK
a
◦ µF is an objet of µPervY
γ(q). Hene
we get the indued funtor of staks
µPervX |γ(ΩX ) −→ µPerv
Y |γ(ΩY ).
In the same way we verify that µK∗
a
◦ is a well dened funtor of staks in the opposite
diretion and it is easily veried that µK∗
a
◦ is a quasi-inverse13.
Now suppose that we have ontat transformations
χ1 : ΩX
∼
→ ΩY χ2 : ΩY
∼
→ ΩZ
and kernels K1 ∈ D
b
R-(I(kY×X)), K2 ∈ D
b
R-(I(kZ×Y ) suh that Theorem 5.0.2 is valid.
Then we know that ΦaµK1 = µK1
a
◦ and ΦaµK2 = µK2
a
◦ are well-dened on miroloally
perverse sheaves. However note that K2 ◦K1 is not R-onstrutible and we do not know if
µK2
a
◦ µK1 −→ µ(K2 ◦K1)
is ani somorphism in Db(I(kT ∗Z×T ∗X)). Nevertheless we get
Proposition 8.3.10. The funtor
µ(K2 ◦K1)
a
◦ : µPervX −→ µPervZ
is well-dened and naturally isomorphi to ΦaµK1 ◦ Φ
a
µK1
.
Proof. The strategy is similar to the proof of Theorem 8.3.9. First we an show that
µ(K2 ◦K1)
a
◦ : µPervX −→ µPervZ is well-dened by looking in the stalks and using the
fat that Dbperv(Y,C
×q) is a full subategory of Db(kY ,C
×q). The same argument shows
the isomorphism.
Remark 8.3.11. Proposition 8.3.10 is an important step towards the denition of the
stak of miroloal perverse sheaves on a omplex ontat manifold. Suh a manifold is
loally isomorphi to an open subset ΩX ⊂ P
∗X and the transition maps are ontat
transformations. Using the proposition we an loally assoiate an equivalene of staks.
But the hoie of the kernel K is neither unique nor anonial.
9 Miroloal Riemann-Hilbert orrespondene
The lassial Riemann-Hilbert orrespondane states that on a omplex variety X the
solution funtor RHomDX ( · ,OX ) denes an equivalene between the stak of regular
holonomi DX -modules and the stak of perverse sheaves. A quasi-inverse of this funtor
has been onstruted expliitly by Kashiwara (f. [K2℄).
We denote by HolReg(DX) the abelian ategory of regular holonomi DX -modules.
Let M be a holonomi D-module. We set
Sol(M) = RHomDX (M,OX).
13
Note that the diulties enountered in Theorem 5.1.2 to prove the equivalene whih were related to
the fat that DbRc(kX , ∗) is not a full subprestak of D
b(kX , ∗) do not appear here sine all the morphisms
are well-dened in Db(I(k∗)) and µPerv is a full substak of γ∗D
b(I(k∗)).
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Let F be an objet of DbR-(kX) and set
RH(F) = THom(F,OX ).
Then the Riemann-Hilbert orresponane an be stated as follows.
Theorem 9.0.12. The funtors RH and Sol dene quasi-inverse equivalenes of abelian
staks
Perv(kX)
RH //
HolReg(DX ).
Sol
oo
The miroloal Riemann-Hilbert orrespondane should therefore establish an equiva-
lene between the stak of miroloal perverse sheaves and the stak of regular holonomi
EX -modules.
9.1 The ind-objets µOX and µO
t
X
The miroloalization of the ring of holomorphi funtions denes an objet of I(CX).
More preisely, we have
Proposition 9.1.1. The ind-sheaf
µOX |T˙ ∗X
is onentrated in degree dX .
Let F ∈ DbR-(CX). We will study the miroloal solution omplex
µhom(F,OX ) ≃ RHom(π
−1F, µOX)
The stalks of this omplex have been studied in [KS1℄ and we will show that some results
an be extended to open neighborhoods.
The ring OtX ∈ D
b(I(CX)) of temperate holomorphi funtions has been dened in [KS2℄.
It is dened from the ring DbtX ∈ D
b(I(CX)) as
OtX = RHomβ(DX)(β(OX ),Db
t
X).
We will not reall the onstrution of DbtX here. Reall that O
t
X is only dened in the
derived ategory. It is not onentrated in a single degree.
The link with Kashiwara's funtor THom is given by the formula
RHom(F,OtX ) = THom(F,OX ) (9.1.1)
where F ∈ DbR-(CX).
By mirolization we get an objet µOtX ∈ D
b(I(CT ∗X)). It is not known if this objet is
onentrated in a single degree or not.
In [KS2℄, the full funtoriality of Ot is established. We will only need the following result:
Proposition 9.1.2. Let f : X → Y be a smooth map between omplex varieties. Then
there is a anonial isomorphism in Db(I(β(DX ))):
RIHomβDX (βDX→Y ,O
t
X) ≃ f
−1OtY .
First we will prove that the miroloalization of the formula (9.1.1) holds, i.e.
Proposition 9.1.3. Let F ∈ DbR-(CX). Then
RHom(µF, µOt) = tµhom(F,OX ).
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Proof. The proof is similar to the proof of the formula
RHom(µF, µG) ≃ µhom(F,G)
from [K5℄ where F,G ∈ Db(kX).
The normal deformation of the diagonal in X × X an be visualized by the following
diagram
TX
∼ // T∆X (X ×X)
τX

  s // X˜ ×X
p

p1

p2

Ω? _
joo
p˜
||yy
yy
yy
yy
y
X 

∆X
//
id
X ''OO
OO
OO
OO
OO
OO
OO X ×X
q2

q1

X .
Note that p˜, p1 and p2 are smooth but p is not. Also, the square is not artesian. We use
the same notations as in Setion 5 when we deform the diagonal in T ∗X × T ∗X. We will
need the following lemma
Lemma 9.1.4. Let F ∈ DbR-(CT ∗X) and G ∈ D
b(I(CT ∗X)). Then
RHom(F, µG) ≃ ω−1X
(
s−1RHom((p−12 F)Ω, p
−1q!1G)
)∧
.
Proof. Set
P =
{
(x; v) ∈ TT ∗X | 〈v, ω(x)〉 6 0
}
,
P ′ =
{
(x; v) ∈ TT ∗X | 〈v, ω(x)〉 > 0
}
.
We have
RHom(F, µG) ≃ RHom(F,Rq1!!(q
−1
2 G⊗ Rp!!(CΩ)⊗ β(CP ⊗Rs∗ωTT ∗X|T ∗X)
≃ RHomF,Rp1!!(p
−1
2 G⊗CΩ ⊗ β(CP ⊗ Rs∗ωTT ∗X|T ∗X))
≃ RHomF,Rp2!!(p
−1
1 G⊗CΩ ⊗ β(CP ′ ⊗ Rs∗ωTT ∗X|T ∗X))
≃ Rp2!RHom(p
−1
2 F, p
−1
1 G⊗ CΩ ⊗ β(CP ′ ⊗ Rs∗ωTT ∗X|T ∗X))
≃ Rp2!
(
RHom(p−12 F, p
−1
1 G⊗ CΩ)⊗ CP ′ ⊗Rs∗ωTT ∗X|T ∗X)
)
Now note that loally on
˜T ∗X × T ∗X the set Ω is onvex and
SS0(p
−1
1 G) ∩ T
∗
Ω( ˜T
∗X × T ∗X) ⊂ T ∗
˜T ∗X×T ∗X
( ˜T ∗X × T ∗X).
Hene
CΩ ⊗ p
−1
1 G ≃ RHom(CΩ,CX)⊗ p
−1
1 G ≃ RIHom(CΩ, p
−1
1 G).
Moreover note that
ωTT ∗X|T ∗X ≃ τ
−1
T ∗Xω
⊗−1
∆|T ∗X×T ∗X ≃ s
−1p˜−1q!1CT ∗X .
Hene
RHom(F, µG) ≃ Rp2!
(
RHom(p−12 F ⊗ CΩ, p
−1
1 G)⊗ CP ′ ⊗ Rs∗ωTT ∗X|T ∗X)
)
≃ Rp2!Rs!
(
s−1RHom(p−12 F ⊗ CΩ, p
−1q!1G)⊗ CP ′
)
≃ Rτ!
(
s−1RHom(p−12 F ⊗ CΩ, p
−1q!1G)⊗ CP ′
)
≃ ω−1X
(
s−1RHom((p−12 F)Ω, p
−1q!1G)
)∧
.
This shows the lemma.
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Now onsider the situation of the lemma but take F ∈ Db(CX). Then a standard
alulation shows that
RHom(π−1F, µG) =
(
s−1RHom
(
(p−12 F)Ω, p
−1q!1G
))∧
.
When we apply this result to OtX and F ∈ D
b
R-(kX ) we get
RHom(π−1F, µOt) ≃
(
s−1RHom
(
(p−12 F)ΩX , p
−1q!1O
t
))∧
≃
(
s−1RHomD
X˜×X
(
D
X˜×X
p1→X
,THom((p−12 F)ΩX ,OX˜×X
)
⊗ s−1p−1q!1CX
)∧
≃
(
s−1D
X
p1←X˜×X
⊗
D
X˜×X
THom((p−12 F)Ω,OX˜×X
)
[1]
)∧
≃ tµhom(F,OX ).
Following [KS4℄, we set for a loally free OX -module L:
Lt = Ot
L
⊗
βOX
βL.
Lemma 9.1.5. Let L a loally free OX -module of nite rank. Then there are natural
isomorphisms
µL −→ µOX
L
⊗
pi−1βOX
π−1βL,
µLt −→ µOtX
L
⊗
pi−1βOX
π−1βL.
Proof. Let us show the seond isomorphism, the proof of the rst being similar sine
L ≃ βL ⊗
βOX
OX . By denition
µ
(
OtX ⊗
βOX
βL
)
≃ Rq1!!
(
KX ⊗q
−1
2 π
−1
(
OtX ⊗
βOX
βL
))
.
But sine KX ≃ KX ⊗βC∆ and
βC∆ ⊗
(
q−12 π
−1OtX
L
⊗
βq−12 pi
−1OX
βq−12 π
−1L
)
≃
(
(βC∆ ⊗ q
−1
2 π
−1OtX)
L
⊗
βq−11 pi
−1OX
βq−11 π
−1L
)
we get the seond isomorphism.
9.2 EX-modules
The ring EX of mirodierential operators on T
∗X has been dened in [SKK℄. For a short
introdution to the theory of EX -modules we refer to [K3℄, for a more detailed study see
[Sh℄. The ring EX has many good properties, for instane it is oherent and Noetherian.
For our purpose it is onvenient to onsider mirodierential operators outside the zero-
setion, hene when we write EX , we onsider EX |
T˙∗X
.
We will onsider two variants of this ring. In the sequel we will identify T ∗X with
T ∗∆X (X ×X) by the map
δa : T ∗X
∼
−→ T ∗∆X (X ×X) →֒ T
∗X × T ∗X ; (x; ξ) 7→ ((x; ξ), (x;−ξ)).
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The funtor δa−1 is often omitted for omplexes with support on T ∗X.
First one denes the ring ERX on T
∗X as
ERX ≃ H
dX µhom(C∆X ,O
(dX ,0)
X×X ) ≃ H
dX RHom(π−1C∆X , µO
(dX ,0)
X ).
In [An2℄ Andronikof introdued the ring E
R,f
X on T
∗X of tempered mirodierential oper-
ators as
E
R,f
X = H
dX
(
tµhom(C∆,OX×X)
L
⊗
OX×X
O
(dX ,0)
X×X
)
where we omit the funtor (π × π)−1 in the notation.
Proposition 9.2.1. We have
E
R,f
X ≃ H
dX RHom(π−1C∆X , µO
t,(dX ,0)
X×X ).
Proof. Follows from Proposition 9.1.3 and Lemma 9.1.5.
Reall some basi properties:
(i) We have EX ≃ γ
−1Rγ∗E
R
X ≃ γ
−1Rγ∗E
R,f
X . In partiular γ
−1Rγ∗EX ≃ EX . Moreover
Riγ∗EX ≃ 0 for i 6= 0.
(ii) The rings ERX and E
R,f
X are faithfully at over EX .
(iii) The ring EX (and therefore E
R
X ,E
R,f
X ) is a π
−1DX -modules.
A priori, EX -modules are dened on the otangent spae T
∗X. But by (i) oherent
EX -modules (hene in partiular regular holonomi EX -modules) are oni objets, hene
it is often onvenient to work on the projetive bundle P ∗X or on C×-oni sets.
Let M be an EX -module. Then its support supp(M) is alled its harateristi variety.
If M is a DX -module, then the harateristi variety of EX ⊗pi−1DX π
−1M oinides with
the harateristi variety of M as a DX -module. The main result about the harateristi
variety of EX -modules is:
Proposition 9.2.2. Let M be a oherent EX -module. Then its harteristi variety is a
losed analyti, involutive, C×-oni subset of T ∗X.
Denition 9.2.3. Let M be a oherent EX-module.
One says that M is holonomi if its harteristi variety is Lagrangian.
Remark 9.2.4. Hene a holonomi DX -module denes a holonomi EX -module.
Regular holonomi EX -modules (or holonomi systems with regular singularities) have
been studied in [KK℄. A DX -module is regular holonomi if and only if its assoiated EX -
module is regular holonomi. We do not reall the denition here sine regular holonomi
systems an be haraterized by the Riemann-Hilbert orrespondene and refer to lo. it.
Theorem 9.2.5. Let M be a regular holonomi EX -module suh that its harateristi
variety is in generi position at a point p ∈ T˙ ∗X. Then there exists a regular holonomi
DX -modules M˜ suh that
M ≃ EX ⊗
pi−1DX
M˜.
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Regular holonomi EX -modules form a stak of abelian ategories. This stak is in-
variant by quantized ontat transformations. Hene modulo a ontat transformation a
regular holonomi EX -module is loally isomorphi to
EX ⊗
pi−1DX
RH(F)
where F is a perverse sheaf. For our purpose this an be taken as a denition of a regular
holonomi system.
Finally reall the following theorem.
Proposition 9.2.6. ([An2℄, Théorème 4.2.6 and Proposition 5.6.1) Let F ∈ DbC-(kX).
Then
tµhom(F,OX ) ≃ E
R,f
X ⊗
L
pi−1DX
π−1 THom(F,OX ).
If F is perverse then tµhom(F,OX) is onentrated in degree 0 and
H0 tµhom(F,OX ) ≃ E
R,f
X ⊗pi−1DX π
−1THom(F,OX ).
9.3 The mirodierential struture of µOX and µO
t
X
Reall that an objet A ∈ I(kX) is alled a kX -algebra if there exist morphisms
kX → A A⊗A −→ A
that satisfy the usual onditions of unit and assoiativity (for more details, see for instane
[KS2℄, Setion 5.4). For example, If A is a lassial kX -algebra in Mod(kX ) then βA is a
kX -algebra in I(kX).
Let A ∈ I(kX) be a kX -algebra. A left A-module in I(kX) is given by an objet M ∈ I(kX)
and a struture morphism
A⊗M −→M
that satises the usual ompatibiulity onditions with the struture morphisms of A (for
more details, see lo. it.).
Similarly, one denes the notion of a kX -algebra A in D
b(I(kX)) and the notion of a left
A-module in Db(I(kX)). Note that if a kX -algebra A in D
b(I(kX)) is onentrated in a
single degree, then it denes a kX -algebra in I(kX). However, even if A is onentrated
in a single degree, an A-module in Db(I(kX)) is in general not well-dened in the derived
ategory of A-modules in I(kX). In order to avoid onfuision, one often alls an A-module
in Db(I(kX)) a formal A-module.
In this setion we will show that µOX is a βE
R
X -module in I(kX ). The same strategy will
show that µOtX is a formal βE
R,f
X -module in the derived ategory D
b(I(kX)). In partiular
its ohomology ind-sheaves are βER,fX -modules.
Let f : X → Y be a morphism of omplex manifolds.
Lemma 9.3.1. There is a natural morphism in Db(I(CX))
ϕ : Rf!!ΩX [dX ] −→ ΩY [dY ]
suh that α(ϕ) is the lassial integration morphism.
Proof. Consider the hain of natural isomorphisms:
Hom
Db(I(CY ))
(Rf!!ΩX [dX ],ΩY [dY ]) ≃ HomDb(I(CX ))
(ΩX [dX ], f
!ΩY [dY ])
≃ Hom
Db(CX )
(ΩX [dX ], f
!ΩY [dY ]) ≃ Hom
Db(CY )
(Rf!ΩX [dX ],ΩY [dY ])
The inverse image of the lassial integration morphism gives ϕ.
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There is a natural tempered version of the integration morphism:
Proposition 9.3.2. There is a natural morphism in Db(I(CX))
Rf!!Ω
t
X [dX ] −→ Ω
t
Y [dY ].
Proof. This is a simple version (not respeting D-module strutures) of the morphism
established in [KS2℄:
Rf!!(Ω
t
X
L
⊗
βDX
βDX→Y )[dX ] −→ Ω
t
Y [dY ].
Now onsider omplex manifolds X,Y,Z of omplex dimensions dX , dY , dZ and the
diagram
X × Y × Z
q12
wwppp
pp
pp
pp
pp
q13

q23
''NN
NN
NN
NN
NN
N
X × Y X × Z Y × Z.
Lemma 9.3.3. The integration morphisms indue natural morphisms
µO
(dX ,0)
X×Y
a
◦ µO
(dY ,0)
Y×Z −→ µO
(dX ,0)
X×Z [−dY ]
µO
t,(dX ,0)
X×Y
a
◦ µO
t,(dY ,0)
Y×Z −→ µO
t,(dX ,0)
X×Z [−dY ]
Proof. The two onstrutions being similar (and just an ind-variant of the onstrution
used in Lemma 11.4.3. of [KS1℄) we will only show how to dene the seond morphism.
First let us onsturt the natural morphism
O
t,(dX ,0)
X×Y ◦ O
t,(dY ,0)
Y×Z −→ O
t,(dX ,0)
X×Z [− dimC Y ].
It an be obtained as follows
O
t,(dX ,0)
X×Y ◦ O
t,(dY ,0)
Y×Z ≃ Rp13!!
(
p−112 O
t,(dX ,0)
X×Y ⊗ p
−1
23 O
t,(dY ,0)
Y×Z
)
→ Rp13!!O
t,(dX ,dY ,0)
X×Y×Z
→ O
t,(dX ,0)
X×Z [−dY ]
where the last morphism is the integration morphism of Proposition 9.3.2. Using the
miroloal omposition formula we get a morphism
µO
t,(dX ,0)
X×Y
a
◦ µO
t,(dY ,0)
Y×Z −→ µ
(
O
t,(dX ,0)
X×Y ◦ O
t,(dY ,0)
Y×Z
)
−→ µO
t,(dX ,0)
X×Z [−dY ].
Therefore we get the morphism of the proposition.
Proposition 9.3.4. Let K1 ∈ D
b(I(CT ∗X×T ∗Y )) and K2 ∈ D
b(I(CT ∗Y×T ∗Z)). There are
natural morphisms
RIHom
(
K1,µO
(dX ,0)
X×Y
) a
◦RIHom
(
K2, µO
(dY ,0)
Y×Z
)
−→ RIHom
(
K1
a
◦K2, µO
(dX ,0)
X×Z
)
[−dY ]
RIHom
(
K1,µO
t,(dX ,0)
X×Y
) a
◦RIHom
(
K2, µO
t,(dY ,0)
Y×Z
)
−→ RIHom
(
K1
a
◦K2, µO
t,(dX ,0)
X×Z
)
[−dY ]
These morphisms satisfy the obvious assoiativity ondition (analogous to Lemma 11.4.3
in [KS1℄).
54
Proof. Note that there is a natural morphism
RIHom(F1,G1)
a
◦ RIHom(F2,G2) −→ RIHom(F1
a
◦ F2,G1
a
◦ G2).
Combining this morphism with the morphisms of Lemma 9.3.3, we get the desired arrows.
The assoiativity ondition is tedious to write down. It is a straightforward onsequene of
the orresponding assoiativity onditions of the morphisms involved in the onstrution.
Remark 9.3.5. Consider K1 ∈ D
b(CX×Y ) and K2 ∈ D
b(CY×Z). Applying the funtor α
to the rst morphism of Proposition 9.3.4, we get a morphism
Rp13!
(
pa−112 µhom(K1,O
(dX ,0)
X×Y )⊗p
−1
23 µhom(K2,O
(dY ,0)
Y ×Z )
)
−→ µhom(K1 ◦K2,O
(dX ,0)
X×Z )[−dY ].
This is preisely the morphism of [KS1℄, Lemma 11.4.3.
In the situation of Proposition 9.3.4 onsider Z = {pt} and K2 = µOY (resp. K2 =
µOtY ). Applying α we get natural morphisms
Rp1!
(
RHom
(
K, µO
(dX ,0)
X×Y
)
⊗ pa−12 RHom
(
µOY , µΩY
))
−→ RHom
(
K
a
◦ µOY , µΩX
)
[−dY ],
Rp1!
(
RHom
(
K, µO
t,(dX ,0)
X×Y
)
⊗pa−12 RHom
(
µOtY , µΩ
t
Y
))
−→ RHom
(
K
a
◦µOtY , µΩ
t
X
)
[−dY ].
Hene we get
Rp1!
(
RHom
(
K, µO
(0,dY )
X×Y
)
⊗ pa−12 RHom
(
µOY , µOY
))
−→ RHom
(
K[dY ]
a
◦ µOY , µOX
)
,
(9.3.1)
Rp1!
(
RHom
(
K, µO
t,(0,dY )
X×Y
)
⊗ pa−12 RHom
(
µOtY , µO
t
Y
))
−→ RHom
(
K[dY ]
a
◦ µOtY , µO
t
X
)
.
(9.3.2)
Taking X = Y and K = π−1C∆X we get the morphisms
ERX ⊗ RHom(µOX , µOX) −→ RHom(µOX , µOX),
E
R,f
X ⊗ RHom(µO
t
X , µO
t
X) −→ RHom(µO
t
X , µO
t
X).
Note that for any F ∈ Db(I(CX)) the identity of F denes a natural morphism C∆X →
RHom(F,F). Hene we get the struture morphisms
βERX ⊗ µOX −→ µOX , (9.3.3)
βER,fX ⊗ µO
t
X −→ µO
t
X . (9.3.4)
In order to prove that the two morphisms (9.3.3) and (9.3.4) dene strutures of formal
modules in Db(I(CX)) one uses the assoiativity of the onstrution in Proposition (9.3.4).
Therefore we get:
Proposition 9.3.6. The objet µOX (resp. µΩX) is a left (resp. right) βE
R
X -module in
Db(I(CX)).
The objet µOtX (resp. µΩ
t
X) is a left (resp. right) βE
R,f
X -module in D
b(I(CX)).
Corollary 9.3.7. Let F ∈ Db(I(CT ∗X)). Then
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(1) the omplex RIHom(F, µOX) (resp. RIHom(F, µO
t
X )) is a left βE
R
X -module (resp.
βER,fX -module) in D
b(I(CX)),
(2) the omplex RIHom(F, µΩX) (resp. RIHom(F, µΩ
t
X)) is a right βE
R
X -module (resp.
βER,fX -module) in D
b(I(CX)).
Corollary 9.3.8. (i) The objet µOX (resp. µΩX) is a left (resp. right) βE
R
X -module
in I(CT ∗X).
(ii) For any F ∈ Db(I(CT ∗X)) the omplex RIHom(F, µOX) (resp. RIHom(F, µΩX)) is
well dened in the bounded derived ategory of left (resp. right) βERX -modules. In
partiular if F ∈ Db(kX) then µhom(F,OX ) (resp. µhom(F,ΩX)) is well dened in
the bounded derived ategory of left (resp. right) ERX -modules.
(iii) Let F ∈ Db(CX). Then µhom(F,OX ) is well dened in the derived ategory of E
R
X -
modules.
(iv) Let F ∈ Db(I(CT ∗X)) suh that RHom(F, µO
t
X ) is onentrated in a single degree
(for instane if F is a miroloal perverse sheaf (see Lemma 9.6.1 below)). Then the
natural morphism
RHom(F, µOtX ) −→ RHom(F, µOX )
is well dened in the derived ategory of EX -modules.
Proposition 9.3.9. The natural morphism
Rp13!!
(
pa−112 RIHom(K1, µO
(dX ,0)
X×Y )⊗p
−1
23 RIHom(K2, µO
(dY ,0)
Y×Z )
)
−→ RIHom(K1
a
◦K2, µO
(dX ,0)
X×Z )[−dY ]
fators through
Rp13!!
(
pa−112 RIHom(K1, µO
(dX ,0)
X×Y )
L
⊗
p−12 βE
R
X
p−123 RIHom(K2, µO
(dY ,0)
Y×Z )
)
.
Proof. This is a onsequene of the assoiativity ondition of Proposition 9.3.4.
9.4 Quantized ontat transformations for µOX and µO
t
X
In this setion we will adapt Setion 11.4 of [KS1℄ to study the behaviour of µOX and
µOtX under omplex ontat transformations. We will restrit ourselves now to µOX , the
study of µOtX being similar. We also did not inlude all proofs whih are rather similar to
Setion 11.4 of lo. it.
Our main interest is to prove that the omplex
RIHomβEX (βM, µOX)
is invariant under quantized ontat transformations where M is a oherent EX -module.
More preisely onsider a ontat transformation
χ : ΩX
∼
−→ ΩY
Then loally we may nd a kernel K suh that ΦaµK indues an equivalene of miroloal
perverse sheaves and Sine M is oherent, the natural morphism
µK
a
◦ RIHomβEX (βM, µOX ) −→ RIHomβ(χ∗EX)(β(χ∗M), µK
a
◦ µOX)
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is an isomorphism. Hene we are redued to onstrut an isomorphism
µK
a
◦ µOY −→ µOX
that is ompatible with the ation of βEX (resp. βEY ) on µOX (resp. µOY ). Suh a
morphism has been onstruted in Db(kX , p) in Setion 11.4 of [KS1℄.
Reall the morphism (9.3.1)
Rp1!
(
RHom
(
K, µO
(0,dY )
X×Y
)
⊗ pa−12 RHom
(
µOY , µOY
))
−→ RHom
(
K[dY ]
a
◦ µOY , µOX
)
.
Note that if K ≃ µK and suppK→ X is proper, then we get the ommutative diagram
Rp1!
(
µhom
(
K,O
(0,dY )
X×Y
)
⊗ pa−12 µhom
(
OY ,OY
))
//
++XXXXX
XXXX
XXXX
XXXX
XXXX
XX
RHom
(
µK[dY ]
a
◦ µOY , µOX
)
µhom
(
K[dY ] ◦ OY ,OX
)
OO
where the diagonal morphism is the lassial morphism from [KS1℄.
Now suppose that RHom
(
K, µO
(0,dY )
X×Y
)
is onentrated in positive degrees and that
suppRHom
(
K, µO
(0,dY )
X×Y
)
→ X
is proper. Then by taking the 0-ohomology we get a morphsm
p1∗
(
H0RHom
(
K, µO
(0,dY )
X×Y
)
⊗pa−12 H
0RHom
(
µOY , µOY
))
−→ H0RHom
(
K[dY ]
a
◦µOY , µOX
)
(9.4.1)
Hene the identity of µOY and any setion
s ∈ H0RHom(K, µO
(0,dY )
X×Y ).
denes a morphism
ϕ(s) : K[dY ]
a
◦ µOY −→ µOX
In the sequel we will only onsider kernels K ∈ Db(CT ∗X×T ∗Y ) satisfying
(i) K is R-onstrutible,
(ii) (ΩY × T
∗X ∪ T ∗Y × ΩaX) ∩ SS(K) ⊂ Λ,
(iii) K is simple14 with shift 0 along Λ.
Note that given a C×-oni Lagrangian subvariety Λ that is assoiated to a ontat trans-
formation, there always loally (on P ∗(X × Y )) exists K, i.e. for eah p ∈ ΩX there exists
a C×-oni open neighborhood Ω′X of C
×p suh that (i), (ii) and (iii) are satised. Reall
the morphism
pa13∗
(
pa−112 H
0RHom(K1, µO
(0,dY )
X×Y ) ⊗
βERY
pa−123 RHom(K2, µO
(0,dZ )
Y ×Z )
)
−→ RIHom(K1
a
◦K2[dY ], µO
(0,dZ )
X×Z .
Denote by s ◦ s′ the image of s⊗ s′ by this morphism.
Then we get
14
For the denition of simple sheaves see [KS1℄, Setion 7.5.
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Proposition 9.4.1.
ϕ(s ◦ s′) = ϕ(s) ◦ (K[n]
a
◦ α(s′))
Proof. This follows from the fat that the morphism of Proposition 9.3.4 satises to the
obvious assoiativity ondition.
Theorem 9.4.2. For every p ∈ ΩX there exists a C
×
-oni open neighborhood Ω′X ⊂ ΩX
of C×p auh that if we set Ω′Y = χ(ΩY ) we an nd a setion
s ∈ H0RHom(µK, µO
(dX ,0)
X×Y )|Ω′X×Ω′Y
suh that the morphisms
ERX |ΩX −→ p1∗H
0RHom(µK, µO
(dX ,0)
X×Y )|Ω′X×Ω′Y ; P 7→ Ps
ERY |ΩY −→ p2∗H
0RHom(µK, µO
(dX ,0)
X×Y )|Ω′X×Ω′Y ; Q 7→ sQ
are isomorphisms and we get an antiisomorphism
χ∗E
R
X |ΩX
∼
−→ ERY |ΩY ; P 7→ Q such that Ps = sQ
For suh a setion s the morphism
ϕ(s) : K[dY ]
a
◦ µOY −→ µOX
is an isomorphism of βERX -modules.
Corollary 9.4.3. Let s be a setion as in Theorem 9.4.2 and F be a perverse sheaf. Then
ϕ(s) denes an isomorphism of ERX -modules
χ∗RHom(π
−1µF, µOY ) ≃ RHom(µK
a
◦ µF, µOX ).
Corollary 9.4.4. Let s be a setion as in Theorem 9.4.2 and F be a oherent EY -module.
Then ϕ(s) denes an isomorphism
RIHomβEY (βF, µOY ) ≃ RIHomβEX (χ∗βF, µOX)
The tempered version of Theorem 9.4.2 is similar with the only dierene that the
mirodierential strutures are formal strutures in the derived ategories.
Theorem 9.4.5. For every p ∈ ΩX there exists a C
×
-oni open neighborhood Ω′X ⊂ ΩX
of C×p auh that if we set Ω′Y = χ(ΩY ) we an nd a setion
s ∈ H0RHom(µK, µO
t,(dX ,0)
X×Y )|Ω′X×Ω′Y
suh that the morphisms
E
R,f
X |ΩX −→ p1∗H
0RHom(µK, µO
t,(dX ,0)
X×Y )|Ω′X×Ω′Y ; P 7→ Ps
E
R,f
Y |ΩY −→ p2∗H
0RHom(µK, µO
t,(dX ,0)
X×Y )|Ω′X×Ω′Y ; Q 7→ sQ
are isomorphisms and we get an antiisomorphism
χ∗E
R,f
X |ΩX
∼
−→ ER,fY |ΩY ; P 7→ Q such that Ps = sQ
For suh a setion s the morphism
ϕt(s) : K[dY ]
a
◦ µOtY −→ µO
t
X
is an isomorphism of formal βER,fX -modules in D
b(I(kX)).
Corollary 9.4.6. Let s be a setion as in Theorem 9.4.5 and F be a perverse sheaf. Then
ϕ(s) denes an isomorphism of ER,fX -modules
χ∗RHom(π
−1µF, µOtY ) ≃ RHom(µK
a
◦ µF, µOtX ).
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9.5 Classial Riemann-Hilbert Theorem and Ind-sheaves
Using the funtor µ we an reformulate the isomorphisms of the lassial Riemann-Hilbert
Theorem from the miroloal point of view.
Lemma 9.5.1. (1) Let F ∈ DbC-(kX). Then
RHom(µF, µOtX ) ≃ E
R,f
X
L
⊗
pi−1DX
π−1RH(F),
γ−1Rγ∗RHom(µF, µO
t) ≃ EX
L
⊗
pi−1DX
π−1RH(F).
(2) Let M be a oherent DX -module. Then
RIHom
βE
R,f
X
(βER,fX
L
⊗
pi−1βDX
β(π−1M), µOX ) ≃ µ(Sol(M)),
RIHomβEX (βEX
L
⊗
pi−1βDX
β(π−1M), µOX ) ≃ µ(Sol(M)).
Proof. (1) is a reformulation of Theorem 4.2.6 of [An2℄ in terms of ind-sheaves using the
fat that γ−1Rγ∗E
R,f
X ≃ EX and (2) follows diretly from the fat that M is a oherent
DX -module.
Therefore we an now formulate Riemann-Hilbert Theorem in terms of ind-sheaves:
Proposition 9.5.2. (1) Let F be a perverse sheaf on X. Then
RIHom
βE
R,f
X
(β RHom(µF, µOtX ), µOX) ≃ µF
RIHomβEX (βγ
−1Rγ∗RHom(µF, µO
t
X ), µOX) ≃ µF
(2) Let M be a regular holonomi DX -module. Then
RHom(RIHom
βE
R,f
X
(β(ER,fX
L
⊗
pi−1DX
π−1M), µOX ), µO
t
X) ≃ E
R,f
X
L
⊗
pi−1DX
π−1M
γ−1Rγ∗RHom(RIHomβEX (β(EX
L
⊗
pi−1DX
π−1M, µOX), µO
t
X) ≃ EX
L
⊗
pi−1DX
π−1M
Now let us formulate the omparison theorem for regular holonomi EX -modules in
terms of ind-sheaves. The lassial version ([An1℄, Proposition 5.6.3) states
Proposition 9.5.3. Let M be a regular holonomi EX -module and G ∈ D
b
R-(kX) suh that
tµhom(G,OX) is onentrated in a single degree. Then the natural morphism
RHomEX (M, tµhom(G,OX )) −→ RHomEX (M, µhom(G,OX ))
is an isomorphism.
Remark 9.5.4. Note that we do not have to assume that µhom(G,OX ) is onentrated in
degree zero beause we now know that µhom(G,OX) is well dened in the derived ategory
of mirodierential modules.
It is slightly more ompliated to deal with µOtX sine we do not know if µO
t
X is well dened
in the derived ategory of mirodierential modules. The analog of the last proposition
should be the formula
RIHomβEX (βM, µOX )
∼
−→ RIHomβEX (βM, µO
t
X )
for any regular holonomi EX -module M. However the seond term of this isomorphism is
unfortunately not (yet) well-dened. Therefore we only get the following weaker statement:
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Proposition 9.5.5. Let M be a regular holonomi EX -module. Then there is a natural
morphism
RIHomβEX (βM, µOX ) −→ RIHom(βM, µO
t
X).
Proof. By the omparison theorem if G ∈ Dbperv(CX , U) we have a natural morphism
RHomEX (M, µhom(G,OX )) ≃ RHomEX (M, tµhom(G,OX )) −→ RHom(M, tµhom(G,OX )).
Sine we have
RHomEX (M, µhom(G,OX )) ≃ RHomEX (M,RHom(µG, µOX ))
≃ RHomβEX (βM,RIHom(µG, µOX))
≃ RHom(µG,RIHomβEX (βM, µOX ))
and
RHom(M, tµhom(G,OX )) ≃ RHom(M,RHom(µG, µO
t
X )
≃ RHom(βM,RIHom(µG, µOtX))
≃ RHom(µG,RIHom(βM, µOtX ))
we get a morphism
RHom(µG,RIHomβEX (βM, µOX)) −→ RHom(µG,RIHom(βM, µO
t
X)).
Now reall that RIHomβEX (M, µOX ) is a miroloal perverse sheaf. Hene loally it is
of the form µG for some objet G ∈ Dbperv(CX , U). Thus loally the identity morphism of
RIHomβEX (M, µOX) denes the desired morphism and we may path it beause miroloal
perverse sheaves form a stak.
Remark 9.5.6. If µOtX was well-dened in the derived ategory of βEX -modules then the
proof of the last Proposition would establish the isomorphism
RIHomβEX (βM, µOX)
∼
−→ RIHomβEX (βM, µO
t
X ).
9.6 Miroloal Riemann-Hilbert morphism
Lemma 9.6.1. Let F ∈ µPerv(Ω) and set U = γ−1(Ω). Then
RHom(F, µOtX |U )
is an E
R,f
X |U -module. Moreover
γ−1Rγ∗RHom(F, µO
t
X |U )
is a regular holonomi EX |U -module.
Proof. First we will show that RHom(F, µOtX |U ) is a well-dened E
R,f
X |U -module.
By Proposition 9.3.8 it is enough to prove that the omplex
RHom(F, µOtX |U )
is onentrated in a single degree. This is a loal problem. Thus we may assume that
F ≃ µF˜ where F˜ is an objet of Dbperv(kX , U). Therefore
RHom(F, µOtX |U ) ≃ RHom(µF˜|U , µO
t
X |U ) ≃ tµhom(F˜,OX)|U
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Sine tµhom(F˜,OX )|U is invariant under quantized ontat transformations, we an sup-
pose that F˜ is a perverse sheaf. Then the omplex tµhom(F˜,OX)|U is onentrated in
degree 0. Hene RHom(F, µOtX |U ) is a well-dened E
R,f
X |U -module.
Hene γ−1Rγ∗RHom(F, µO
t
X |U ) is an EX -module. Let us show that it is regular holo-
nomi. This is again a loal question, invariant by quantized ontat transformations.
Therefore we may assume that F ≃ µF˜ for a perverse sheaf F˜. Reall that
tµhom(F˜,OX)|U ≃
(
E
R,f
X ⊗
pi−1DX
π−1THom(F˜,OX)
)
|U .
By the Riemann-Hilbert theorem THom(F˜,OX) is a regular holonomi DX -module. Hene
γ−1Rγ∗RHom(F, µO
t
X |U ) is regular holonomi.
Lemma 9.6.2. Let M ∈ HolReg(U). Then
RIHomβEX |U (βM, µOX |U )
is an objet of µPerv(Ω).
Proof. This is a loal problem, invariant by quantized ontat transformations. Therefore
we may assume that M is isomorphi to EX ⊗
pi−1DX
π−1M˜ on U where M˜ is a regular
holonomi DX -module. Then
RIHomβEX |U (βM, µOX |U ) ≃ RIHomβEX (EX ⊗
pi−1DX
π−1M˜, µOX)|U ≃ µRHomDX (M˜,OX )|U
By the Riemann-Hilbert Theorem RHomDX (M˜,OX) is a perverse sheaf.
For any open subset Ω ⊂ P ∗X let us dene the miroloal Riemann-Hilbert orrespon-
dane:
µPerv(Ω)
µRH // HolReg(EX |γ−1Ω).
µSol
oo
by the formulas
µSol(M) = RIHomβ(EX |γ−1Ω)(β(M), µOX |γ−1Ω)
µRH(F) = γ−1Ω RγΩ∗(RHom(F, µO
t|γ−1(Ω)))
where γΩ is the restrition of γ to γ
−1Ω.
The funtors µSol and µRH are obviously funtors of staks.
Lemma 9.6.3. There is a natural morphism
Id −→ µSol ◦µRH . (9.6.1)
Proof. Let F be a miroloal perverse sheaf. We will dene the morphism (9.6.1) by a
natural element of
HomDb(I(kX))(F,RIHomβEX (βγ
−1Rγ∗RHom(F, µO
t
X ), µOX).
Note that
HomDb(I(kX))(F,RIHomβEX (βγ
−1Rγ∗RHom(F, µO
t
X ), µOX)
≃ HomDb(I(βEX ))(F ⊗ βγ
−1Rγ∗RHom(F, µO
t
X ), µOX).
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Now reall that
βγ−1Rγ∗RHom(F, µO
t
X ) −→ βγ
−1Rγ∗RHom(F, µOX )
is βEX -linear. Hene the natural morphism in D
b(I(βEX))
F ⊗ βγ−1Rγ∗RHom(F, µOX ) −→ µOX
denes the morphism of the lemma.
Theorem 9.6.4. The funtors µSol and µRH dene quasi-inverse equivalenes of staks
µPerv
µRH //
γ∗HolReg(EX ).
µSol
oo
Proof. First let us show that the morphism of Lemma 9.6.3 is an isomorphisms.
Let F be a miroloal perverse sheaf dened in a neighborhood at p. Then there exists
F˜ ∈ Dbperv(kX ,C
×p) suh that F ≃ µF˜. Let χ be a ontat transformation suh that
χ(SS(F˜)) is in generi position at χ(p). Then
ΦKRIHomβEX (β RHom(µF˜, µO
t
X , ), µOX)) ≃ RIHomβEX (β RHom(ΦKF˜, µO
t
X , ), µOX ))
Sine ΦK(F˜) is isomorphi to a perverse sheaf in a neighborhood of π(p) the isomorphism
follows from the seond part of Proposition 9.5.2.
Now let us show that the funtor µRH is an equivalene of staks. It is suent to prove
this loally. In order to prove that µRH is essentially surjetive, we show that µRH
and µ Sol are inverse to eah other on the level of objets. We have already seen that
µ Sol ◦µRH(F) ≃ F for any miroloal perverse sheaf F.
Let M be a regular holonomi EX -module dened in a neighborhood of p ∈ T˙
∗X. Let χ
be a ontat transformation suh that χ∗M is in generi position at χ(p). Then
χ∗Rγ
−1Rγ∗RHom(RIHomβEX (β(M), µOX ), µO
t
X )
≃ γ−1Rγ∗RHom(Φ
µ
K
RIHomβEX (β(M), µOX ), µO
t
X)
≃ γ−1Rγ∗RHom(RIHomβEX (βχ∗M, µOX), µO
t
X)
But sine χ∗M is in generi position there exists a regular holonomi DX -module M˜ suh
that
M ≃ EX
L
⊗
pi−1DX
π−1M˜.
Hene µRH is essentially surjetive.
Let us show that µRH is fully faithful. Let F,G be miroloal perverse sheaves. By invari-
ane under quantized ontat transformations we may assume that there exists perverse
sheaves F˜, G˜ suh that F ≃ µF˜ and G ≃ G˜. Then the fat that µRH is fully faithful follows
from the well-known formula
µhom(F,G) ≃ RHom(RH(G),RH(F)).
A Staks on Topologial Spaes
In this setion we will make use of the language of 2-funtors and 2-olimits. But sine we
only work with the 2-ategory CAT of all (small) ategories, we will not reall the abstrat
theory and refer to [St℄,[ML℄.
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A.1 Prestaks
A prestak is a presheaf of ategories up to equivalene. More preisely, let X be a
topologial spae and denote by T (X) the ategory of open sets of X. A prestak on X is
just a 2-funtor T (X)◦ → CAT . Therefore many authors all a 2-funtor with domain I
a prestak on I .
Sine the ategory T (X) is partiularly simple, we will reall here a detailed desription.
Denition A.1.1. A prestak (C, ρ,Φ) on X onsists of
(1) a small ategory C(U) for every open set U ⊂ X,
(2) a funtor ρ
V U
: C(U) → C(V ) for any two open sets V ⊂ U ⊂ X, alled restrition
funtor or just restrition,
(3) a natural equivalene Φ
WVU
: ρ
WU
∼
→ ρ
WV
ρ
V U
for every three open sets W ⊂ V ⊂
U ⊂ X.
This data should satisfy
(P2F1) ρ
UU
= Id
C(U)
for every open set U ⊂ X.
(P2F2) Φ
UUU
= Id
Id
C(U)
for every open set U ⊂ X.
(P2F3) For every four open sets T ⊂W ⊂ V ⊂ U ⊂ X the equation
(
ρ
TW
•Φ
WV U
)
◦Φ
TWU
=
(
Φ
TWV
• ρ
V U
)
◦ Φ
TV U
,
holds, i. e. the following diagram ommutes:
ρ
TU
Φ
TWU
∼
//
Φ
TV U ∼

ρ
TW
ρ
WU
ρ
TW
•Φ
WV U∼

ρ
TV
ρ
V U
Φ
TWV
•ρ
V U
∼ // ρ
TW
ρ
WV
ρ
V U
.
We shall mostly denote a prestak (C, ρ,Φ) by C for short. Moreover it is often onvenient
to denote the restrition funtor ρV U by i
−1
V U .
Hene a prestak is just a ontravariant 2-funtor C : T (X)→ CAT with strit identi-
ties. We therefore immediately get the notion of a funtor of prestaks (being a 2-natural
transformation of the underlying 2-funtors) and the notion of a natural transformation of
funtors of prestaks (being a modiation of the underlying 2-natural transformations).
In partiular we get the onept of an equivalene of prestaks and we may dene the
(2-)ategory PST (X) of prestaks on X.
Remark A.1.2. Let C be a prestak on X, U ⊂ X an open subset and A,B ∈ ObC(U).
For V ⊂ U , we set
Hom
C|
U
(A,B)(V ) = Hom
C(V )
(A|
V
, B|
V
)
If W ⊂ V ⊂ U the restrition funtor ρWV and the natural equivalene ΦWVU dene a
restrition map and one easily veries that Hom
C|
U
(A,B) is a presheaf.
Let us add some notations
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Denition A.1.3. (1) A prestak C is alled additive if for any U ⊂ X the ategory
C(U) is additive and the restrition funtors are additive.
(2) An additive prestak C is alled triangulated if for any U ⊂ X the ategory C(U) is
triangulated and the restrition funtors are exat.
(3) An additive prestak C is alled abelian if for any U ⊂ X the ategory C(U) is abelian
and the restrition funtors are exat.
We then get the obvious onept of an additive (resp. exat) funtor between additive
(resp. triangulated or abelian) prestaks.
A.2 Operations on prestaks
Let f : X → Y be a ontinous map.
Proposition A.2.1. Let C be a prestak on X. Then there is a natural prestak f∗C on Y
suh that for any open set V ⊂ Y we have a anonial equivalene f∗C(V ) ≃ C(f
−1(V )).
Proposition A.2.2. Let C be a prestak on Y . Then there is a natural prestak f−1p C on X
suh that for any open set U ⊂ X we have a anonial equivalene f−1p C(U) ≃ 2lim−→
f(U)⊂V
C(V ).
Proposition A.2.3. The operations f∗ and f
−1
p are (2-)adjoint to eah other, i.e. there
is a (2-)natural equivalene of ategories
Hom
PST (X)
(f−1p C,D) ≃ HomPST (Y )(C, f∗D).
A.3 Stalks
Sine prestaks (and staks) are often treated in the more general framework of sites, we
will desribe here in detail the notion of a stalk of a prestak on a topologial spae. Of
ourse if p ∈ X and i : {p} →֒ X is the inlusion, then the stalk Cp of a prestak C at p is
nothing but i−1p C.
Denition A.3.1. Let C be a prestak on X and p ∈ X a point.
Consider the ategory Tp(X) of open sets that ontain the point p. Note that sine the set
of open sets ontainig p is stable by union and intersetion the ategory Tp(X) is ltered
and oltered.
The prestak C indues a 2-funtor αp : Tp(X)
◦ → CAT .
We set
Cp = 2lim−→
U∋p
C(U) = 2lim−→
U∈Tp(X)
αp(U)
and all Cp the stalk of C at p or the ategory of germs of C at p.
Hene the stalk of a prestak is dened up to anonial equivalene of ategories. It
an easily be desribed using the expliit onstrution of 2-olimits. We get
ObCp =
{
(U,A) | p ∈ U ⊂ X open and A ∈ ObC(U)
}
=
⊔
p∈U⊂X
ObC(U).
Let (U,A),(V,B) be two objets of Cp. Then
Hom
Cp
((U,A), (V,B)) = lim−→
p∈W⊂U∩V
Hom
C(W )
(A|
W
, B|
W
).
Hene a morphism f : (U,A)→ (V,B) is dened on a small neighborhood W ⊂ U ∩ V of
p. In partiular we get
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Proposition A.3.2. Let C be a prestak on X, p ∈ X a point, U ⊂ X an open set
ontaining p and A,B ∈ ObC(U) two objets. Then we have a anonial isomorphism
Hom
C|
U
(A,B)p
∼
−→ Hom
Cp
(A,B).
This isomorphism is ompatible with the omposition maps in C in the following way:
Let U ⊂ X be an open set ontaining p and A,B,C ∈ ObC(U).
Then the morphism of sheaves
Hom
C|
U
(A,B)×Hom
C|
U
(B,C) −→ Hom
C|
U
(A,C)
indues in its stalks the omposition in the stalk:
Hom
Cp
(A,B)×Hom
Cp
(B,C) −→ Hom
Cp
(A,C).
Hene germs of morphisms may be seen as morphisms in the ategory of germs. The
ompatibility with the omposition map has an obvious orollary:
Corollary A.3.3. Let C be a prestak on X, p ∈ X a point, U, V ⊂ X two open sets
ontaining p and A ∈ ObC(U), B ∈ ObC(V ) two objets. Then A and B are isomorphi
in Cp if and only if they are isomorphi on an open neighborhood of p.
Let us observe that an objet A ∈ ObC(U) (with p ∈ U) is isomorphi to all its
restritions to sets V ∈ p but there is no equivalene relation imposed on the objets.
If A ∈ ObC(U) we will still denote by A its image in Cp. If f : A → B is a morphism in
C(U) then we note fp : A → B its image in Cp. The reason why we do not write Ap is
given by the following remark.
Remark A.3.4. Consider a sheaf of rings A and the stak MOD(A). One shall beware
that the natural funtor
MOD(A)p −→MOD(Ap)
is not an equivalene of ategories beause the morphism
Hom(F,G)p −→ HomAp(Fp,Gp)
is not an isomorphism in general.
Proposition A.3.5. (1) If C is additive then its stalks are additive ategories and the
natural funtors into the stalks are additive.
(2) If C is triangulated then its stalks are triangulated ategories and the natural funtors
into the stalks are exat.
(3) If C is abelian then its stalks are abelian ategories and the natural funtors into the
stalks are exat.
A.4 Staks
Denition A.4.1. A prestak C on X is separated if for all open subsets U ⊂ X and all
objets A,B ∈ ObC(U) the presheaf
Hom
C|
U
(A,B)
is a sheaf.
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Denition A.4.2. A prestak C on X is a stak if the following two onditions are
satised
(i) The prestak C is separated
(ii) Let U =
⋃
i∈I Ui be an open overing of an open subset U ⊂ X and suppose that we
are given the following data
(a) for every i ∈ I an objet Ai ∈ C(Ui)
(b) for every i, j ∈ I an isomorphism σij : Aj |Uij
∼
→ Ai|Uij suh that for any
i, j, k ∈ I the equation σjk ◦ σij = σik holds on Uijk.
Then there exists an objet A ∈ C(U) and isomorphisms ρi : A|Ui → Ai suh that σij ◦ρj =
ρi.
Proposition A.4.3. Let C,C′ be two staks on X. Consider a funtor F : C→ C′. Then
we have
(1) F is faithful if and only if Fp is faithful for all p ∈ X.
(2) F is fully faithful if and only if Fp is fully faithful for all p ∈ X.
(3) F is an equivalene of staks if and only if Fp is an equivalene of ategories for all
p ∈ X.
Proof. We know that F is faithful (resp. fully faithful) if and only if the morphisms of
sheaves
Hom
C|
U
(A,B) −→ Hom
C′|
U
(F (A), F (B))
are monomorphisms (resp. isomorphisms). Sine these two properties are veried in the
stalks, we immediately get (1) and (2).
Let's prove (3). Note that the ondition is learly neessary.
Now suppose that Fp is an equivalene of ategories for all p ∈ X.
By (2) we know that F is fully faithful. Hene ist is suent to show that F is essentially
surjetive for any open set U ⊂ X.
Let A′ ∈ ObC′(U). For any point p ∈ U there is an objet Ap ∈ Cp suh that Fp(Ap) ≃ A
′
p.
Hene by orollary (A.3.3) there is an open neighborhood V (p) of p, an objet A(p) ∈
Ob
(
C(V (p))
)
and an isomorphism ϑ(p) : F (A(p)) ≃ A′|
V (p)
.
These isomorphisms dene a oyle that pathes together the objets F (A(p)) to an objet
isomorphi to A′. Sine F is fully faithful this oyle an be lifted to a oyle in C′ where
the A(p) path together to an objet A suh that F (A) is isomorphi to A′.
A.5 The stak assoiated to a prestak
In this paragraph we will desribe the stak assoiated to a prestak on a topologial spae.
As is the ase of the sheaf assoiated to a presheaf this an be done expliitly and is less
ompliated than on an arbitrary site.
Proposition A.5.1. Let C be a prestak on X. Then there exists a separated prestak C†
on X and a anonial funtor η†
C
: C → C† that indues an equivalene of ategories on
the stalks, suh that any morphism C → D into a separated prestak D fators uniquely
through C† (up to unique equivalene).
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Moreover for any funtor F : C → D there exists a funtor F † : C† → D† suh that the
diagram ommutes
C
F //

D

C†
F †
//
D†.
Proof.
Let U ⊂ X be an open subset. Let us dene a ategory C†(U). Set
ObC†(U) = ObC(U)
now let A,B ∈ ObC(U) be two objets. Put
Hom
C†(U)
(A,B) = Γ(U,Hom
C|
U
(A,B)†),
where Hom
C|
U
(A,B)† is the sheaf assoiated to Hom
C|
U
(A,B). Note that we have a
anonial map Hom
C(U)
(A,B)→ Hom
C†(U)
(A,B) whih is just the natural morphism from
the presheaf Hom
C(U)
(A,B) into its assoiated sheaf.
The map
Hom
C|
U
(A,B)×Hom
C|
U
(B,C) −→ Hom
C|
U
(A,C)
indues the omposition in C†:
Hom
C†|
U
(A,B)×Hom
C†|
U
(B,C) −→ Hom
C†|
U
(A,C).
The restrition funtors of C† and the equivalenes an easily be onstruted by the uni-
versal property of the sheaf assoiated to a preshaef whih also implies that all the axioms
are veried.
The universal property of the separated prestak assoiated to a prestak also follows from
the universal property of the sheaf assoiated to a presheaf. 
Theorem A.5.2. Let C be a prestak on X. Then there exists a stak C‡ on X together
with a anonial funtor of prestaks η‡
C
: C → C‡ suh that any morphism C → D into
some stak D fators uniquely through C‡.
Moreover for any stak D and any morphism of prestaks F : C → D there exists a
anonial funtor of staks F ‡ suh that the following diagram is ommutative
C
F //
η
‡
C

D
η
‡
C

C‡
F ‡
//
D‡.
Finally the funtor η‡
C
: C → C‡ indues equivalenes of ategories on the stalks at every
point of X.
Proof. By the proposition we may assume that C is a separated prestak, i.e. all assoiated
presheaves are atually sheaves.
Let U ⊂ X be an open subset. We have to dene a ategory C‡(U).
Consider families A = {(Ap, U
A
p )}p∈U where U
A
p is an open neighborhood of p with Ap ∈
C(UAp ) and families of morphisms θ
A = {θApq}p,q∈U where θ
A
pq : Aq|UApq
∼
→ Ap|
UApq
is an
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isomorphism for all p, q ∈ U (here UApq = U
A
p ∩ U
A
q ) satisfying the oyle ondition.
During the proof let us all a pair (A, θA) a oyle on U .
We shall now dene morphisms of oyles. A morphism f : (A, θA)→ (B, θB) onsists of
a family of germs morphisms fp : (Ap, U
A
p )→ (Bp, U
B
p ) of MorCp suh that for any point
p ∈ U there is an open set Ufp on whih fp is represented as a morphism fp : Ap|
U
f
p
→ Bp|
U
f
p
(where Ufp ⊂ UABp = U
A
p ∩ U
B
p is an open neighborhood of p) satisfying the following
ompatibility ondition: the diagram
Aq|
U
f
pq
θApq‖
U
f
pq //
fq‖
U
f
pq

Ap|
U
f
pq
fp‖
U
f
pq

Bq|
U
f
pq θBpq‖
U
f
pq
// Bp|
U
f
pq
should be ommutative for all p, q ∈ U .
Now dene C‡(U) to be the ategory of oyles. The obvious restrition maps dene a
prestak C‡ on U (whih is atually a presheaf). It is now tedious but straightforward,
that C‡ is a stak that satises the universal property. Note that we need the assumption
that C is separated when proving the pathing ondition.
Corollary A.5.3. Let C be a stak. Then there exists a stak C′, anonially isomorphi
to C, whih is also a presheaf of ategories.
Corollary A.5.4. Let C be a prestak and F : C → D be a morphism into a stak D.
Suppose that F indues equivalenes of ategories in the stalks. Then D is equivalent to
the stak assoiated to C.
A.6 Pathing of staks
Theorem A.6.1 (Pathing Theorem).
Let X =
⋃
i∈I Ui be an open overing. Suppose that for any i ∈ I we are given a stak
Ci and for any i, j ∈ I an equivalene of staks θij : Cj |Uij
∼
→ Cj|Uij satisfying the oyle
relation θij|Uijk ◦ θjk|Uijk = θik|Uijk .
Then there exists a stak C on X, unique up to equivalene of staks and equivalenes
θi : C|Ui
∼
→ Ci staisfying θij ◦ θj|Uij = θi|Uij .
B The funtor of ind-mioloalization
In this appendix, we rst reall some denitions and statements of the theory of analyti
ind-sheaves from [KS2℄. Then we dene Kashiwara's funtor of ind-miroloalization and
give (without proof) some basi properties that we used in Setions 8 and 9.
B.1 Ind-sheaves
If C is a ategory, one embeds C into the ategory of presheaves (of sets) on C by the fully
faithful Yoneda-funtor:
C −→ Ĉ ; A 7→ HomC( · , A)
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where Ĉ is the ategory of ontravariant funtors C → Set. An objet in the essential
image of the Yoneda-funtor is alled representable.
Note that Ĉ admits all small olimits sine the ategory Set does but even if C admits
olimits the Yoneda-funtor does not ommute with them.
One denotes by Ind C the full subategory of Ĉ formed by small ltered olimits of repre-
sentable objets and alls it the ategory of ind-objets of C. Then Ind C admits all small
ltered olimits.
If C is abelian then Ind C is abelian and the Yoneda-funtor indues an exat fully faithful
funtor C → Ind C.
Now let X be a loally ompat topologial spae and x a eld k. One sets
I(kX) = IndMod
c(kX)
whereModc(kX) denotes the full subategory ofMod(kX) formed by sheaves with ompat
support. We all I(kX) the ategory of ind-sheaves (of k-vetor spaes). One an show
that the prestak X ⊃ U 7→ I(kU ) is a proper stak, in partiular it is an abelian stak.
There are three important basi funtors for ind-sheaves
ι : Mod(kX ) −→ I(kX) ; F 7→  lim−→

U⊂⊂X
FU
α : I(kX) −→Mod(kX) ;  lim−→

i∈I
Fi 7→ lim−→
i∈I
Fi
β : Mod(kX ) −→ I(kX) left adjoint to α
where we write  lim
−→
 for olimits in the ategory I(kX). All three funtors indue funtors
of staks.
Proposition B.1.1. (i) The funtor ι is fully faithful and exat.
(ii) The funtor α is exat.
(iii) The funtor β is fully faithful and exat.
(iv) The triple (β, α, ι) is a triple of adjoint funtors, i.e. β is left adjoint to α and α is
left adjoint to ι.
Note that sine the funtors ι, α, β are exat they are well-dened in the derived ate-
gories, guard the adjoint properties and α, ι are still fully faithful. An objet F ∈ Db(kX)
is identied with ιF in Db(I(kX )).
There are internal operations on ind-sheaves
( · ) ⊗ ( · ) and IHom( · , · )
and an external
Hom( · , · ) : I(kX)× I(kX) −→Mod(kX ).
Moreover for any ontinous map f : X → Y between loally ompat spaes we get the
external operations
f−1, f∗, f!!,
where the notation f!! indiates that ιf! 6≃ f!!ι.
While ⊗ and f−1 are exat the other funtors have a right derived funtor and pass to the
derived ategory where we an dene Poinaré-Verdier duality, i.e. we have a right adjoint
f ! to Rf!! and we get the usual formalism of Grothendiek's six operations. We will not
reall here the various natural isomorphisms relating these funtors and refer to [KS2℄ but
let us summarize the ommutation properties with ι, α, β:
69
Proposition B.1.2. (i) The funtor ι ommutes to ⊗, f−1, f !,Rf∗.
(ii) The funtor α ommutes to ⊗, f−1,Rf∗,Rf!! and αRIHom( · , · ) ≃ RHom( · , · ).
(iii) The funtor β ommutes to ⊗, f−1.
Finally let us state the following Proposition whih has no ounterpart in alssial sheaf
theory:
Proposition B.1.3. Let F,G ∈ Db(kX) and M ∈ D
b(I(kX)). Then there is a natural
isomorphism
RIHom(F,M) ⊗ βG
∼
−→ RIHom(F,M ⊗ βG).
B.2 Miroloalization of ind-sheaves
In [K5℄, Kashiwara establishes the following theorem
Theorem B.2.1. There is a funtor
µ : Db(I(kX )) −→ D
b(I(kT ∗X))
suh that for any F,G ∈ Db(kX) we have a natural isomorphism
RHom(µF, µG) ≃ RHom(π−1F, µG) ≃ µhom(F,G).
Remark B.2.2. Note that if F ∈ Db(kX ), then
supp(µF) = supp(RHom(µF, µF)) = supp(µhom(F,F)) = SS(F).
The onstrution of µ is rather straight-forward if we want to have the property of the
Theorem (f. Proposition 9.1.3 in Setion 9.1). Let us reall the denition.
The normal deformation of the diagonal in T ∗X × T ∗X an be visualized by the following
diagram
TT ∗X
∼ // T∆T∗X (T
∗X × T ∗X)
τT∗X

  s // ˜T ∗X × T ∗X
p

Ω? _
joo
p˜
yytt
tt
tt
tt
tt
t
T ∗X 

∆T∗X
// T ∗X × T ∗X
Note that p˜ is smooth but p is not. Also, the square is not artesian. Set
KX = Rp!!
(
kΩ ⊗ β(kP )
)
⊗ β(ω⊗−1∆T∗X |T ∗X×T ∗X
)
where the set P ⊂ TT ∗X is dened by
P =
{
(x, ξ; vx, vξ) | 〈vx, ξ〉 > 0
}
.
Denition B.2.3. Kashiwara's funtor of miroloalisation is dened on T ∗X as
µ : Db(I(k
X
)) −→ Db(I(k
T∗X
)) ; F 7→ µF = KX ◦π
−1F.
Lemma B.2.4. Let S ⊂ T ∗X be an arbitrary subset. Then µ denes funtors
µ : Db(kX , S) −→ D
b(I(kS)).
If one onsiders these funtors for open subsets U ⊂ T ∗X, they dene funtors of prestaks.
70
Proof. It is enough to show the existene of the rst funtor. If µ(F)|
S
≃ 0, then
supp(µ(F)) ∩ S = ∅, hene SS(F) ∩ S = ∅ and µ( · )|
S
fators through Db(kX , S).
The following Proposition is used in Setion 9.1.
Proposition B.2.5. Let F ∈ DbR-(kX) and G ∈ D
b(I(kX)) and assume that
SS(F) ∩ supp(µG) ⊂ T ∗XX
Then there is a natural isomorphism
RHom(F, kX )⊗ G
∼
−→ RIHom(F,G).
The main theorem of [K5℄ is the miroloal omposition theorem that we inluded in
Setion 8.3 (Theorem 8.3.1).
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